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Red blood cell Vesicle(a) (b)
Figure 1.1: The illustrative pictures of (a) a red blood cell and (b) a vesicle.
Upper pictures describe the cross sections of membranes and lower pictures
show the microscopic structures of the membranes structures. A red blood
cell, which is a typical example of the bio-membrane, is composed of am-
phiphilic molecules and some kinds of proteins. On the other hand, a vesicle,
which is an artificial model of bio-membrane, is composed of only amphiphilic
molecules.
A bio-membrane, which has a closed bilayer structure composed of am-
phiphilic molecules, can transport materials like proteins across the cell by
forming an endoplasmic reticulum. One of the simplest models of this phe-
nomenon is a polymer containing vesicle, where the vesicle is a simple model
of bio-membrane and proteins are replaced by flexible polymer chains. The
aim of our study is to simulate this simple model numerically and to clarify
its physical mechanism. In this chapter, we introduce structures and physi-
cal properties of membranes briefly. We also mention proceeding researches
on the deformation of the membranes induced by external fields, such as a
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existence of a guest particles or flow field.
1.1 Deformations and functions of vesicles
A B C D E
(a) (b)
(c)
Figure 1.2: Experimental results for a large variety of vesicle deformations are
shown, for example of (a)the vesicle deformation associated with a change in
the osmotic pressures[3], (b)a budding deformation of a two component vesi-
cle induced by phase separation[5] and (c)a self reproduction of two compo-
nent vesicle upon changing temperature[11]. { (a)Reprinted with permission
from M. Yanagisawa et al., Phys. Rev. Lett., 100, 148102 (2008).( c⃝2008,
American Physical Society) (b)Reprinted with permission from T. Baum-
gart et al. Nature, 425, 821 (2003). ( c⃝2003, Nature Publishing Group)
(c)Reprinted with permission from Y. Sakuma et al., Phys. Rev. Lett., 107,
198101 (2011).( c⃝2011, American Physical Society)}
As shown in fig.1.1, a vesicle is a simple model for a bio-membrane even
though the bio-membrane has much more complex structures, such as ion
channels composed of proteins[1]. As well as the bio-membranes, vesicles
show a large variety of the deformations when the external environment is
changed. In this section, we introduce proceeding researches on the vesi-
cle deformations because it is important to clarify the physical origin of the
functions of the bio-membranes. In fig.1.2, we show some experimental re-
sults for the vesicle deformations. With changing the osmotic pressure of the
surrounding water, which leads to a reduction of the total enclosed volume in-
side the vesicle, the vesicle shows a largely deformed shape from the spherical
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shape[2, 3]. In order to reproduce more complex structures of bio-membranes,
we can introduce more complex models, such as a multi-component vesicle.
In a bio-membrane, it is believed that aggregations of the proteins are float-
ing on the membrane, which play an important role in exchanging some
materials between inside and outside regions of the membrane. This model
is called the ”raft-model”[4]. In a multi-component vesicle, the raft structure
is realized by the phase separated structure on the vesicle surface. Such a
phase separation of the different kinds of the amphiphilic molecules on the
membrane can induce a deformation of the vesicle[5, 6, 7]. Moreover, topo-
logical changes of a bio-membrane, such as fusion or fission, can also take
place. These kinds of deformations are related to many kinds of functions
of bio-membranes, for example metabolism and self-reproduction of the bio-
membrane. By use of vesicles, these topological changes of bio-membranes
are also realized[8, 9, 10]. For example, Sakuma et al. showed that the self-
reproduction of membranes can be realized by using a simple two-components
vesicle[11]. This research shows that two components vesicles can reproduce
the daughter vesicles, when the temperatures are changed. Therefore, typical
deformations of the bio-membrane are successfully reproduced by using vesi-
cles. In the next section, we introduce a physical model of bio-membranes in
order to describe their equilibrium shapes.
1.2 Physical models for vesicle deformations
In 1973, Helfrich showed that equilibrium shapes of vesicles are determined
by minimizing the bending energy that in a function of the local curvatures
of the vesicle[12]. Such a importance of the bending energy is different from
the other soft particles, for example an oil droplet in a water solution. In
the case of the oil droplet, its equilibrium shape is determined by minimizing
the interfacial energy between oil and water. On the other hand, in the
vesicle case, the shape is determined by minimizing the bending elastic energy
under the constraints of constant surface area S and constant total enclosed
volume V . The bending elastic energy is composed of two terms described
by the mean curvature H, spontaneous curvature H0 and Gaussian curvature
K. The H and K are defined as mean and product values of two principle










Kda+ pV + σS, (1.1)
where κb and κG are the bending and the saddle-splay modulus, respectively.
The quantities p and σ are the pressure and interfacial tension for the con-




Figure 1.3: (a)Energy diagram of vesicle shapes and (b)stationary shapes
of the vesicle as a function of reduced volume v, where FHelfrich is Helfrich’s
bending energy of a model vesicle that has no spontaneous curvature[13].
Reprinted with permission from U. Seifert , Advances in Physics, 46, 13
(1997).( c⃝1997, Taylor & Francis)
straints on the total enclosed volume and total surface area, respectively. The
first term on the right-hand side of eq.(1.1) describes the vesicle deformation
without topological change. This is because the second term is always con-
stant value for the deformation without topological change, which is ensured
by the Gauss-Bonnet’s theorem. On the other hand, when vesicle undergose
a fusion or a fission, the Gaussian bending force is imposed on the vesicle
surface. Therefore, in the case of the shape deformation in fig.1.2(a), only
the first term of eq.(1.1) is important, On the other hand, the first and sec-
ond term of eq.(1.1) have to be considered to clarify the dynamical process
shown in the fig.1.2(c).
Here, we show the equilibrium shapes of the vesicle with same topology with
the sphere shaped one. For simplicity, we consider the case where the vesicle
has no spontaneous curvature. By minimizing eq.(1.1), we can obtain the
equilibrium shapes of the vesicle as shown in fig.1.3. The horizontal axis in
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This reduced volume is the ratio between the enclosed volume of the vesicle
and the volume of a sphere which has the same total surface area as the tar-
get vesicles. Therefore, spherical shaped vesicle corresponds to υ = 1 and the
shape becomes elongated with decreasing the reduced volume υ. The reduced
volume is the only parameter that determines the equilibrium shapes of the
vesicle that has no spontaneous curvature. Applying the Helfrich bending
energy to more complex model, we can obtain the large variety of vesicle
shapes. For example, the pear- and pearl- like vesicle shapes are obtained
by introducing non-zero spontaneous curvature and area difference between
inner and outer reefs of the vesicle[14]. Moreover, we can obtain equilib-
rium shapes of a multi-component vesicle, which is described by fig1.2(b),
where the effects of the line tension of the interface between different do-
mains should be taken into account[15, 16, 50, 18, 19].
So far, we consider the stationary shapes of the vesicle which is obtained
fluid  vesicle red blood cell
shear elasticityno shear elasticity
(a) (b)
Figure 1.4: The illustrative pictures of the responses to the shear force in the
case of (a) the fluid vesicle and (b) the red blood cell.
by minimizing the Helfrich’s bending energy. The bending deformation is
induced by the displacement of the amphiphilic molecules in the perpendic-
ular direction to the vesicle surface. On the other hand, the amphiphilic
molecules can move freely within the membrane surface with keeping the
stationary shape of the vesicle. Therefore, the amphiphilic molecules can be
regarded as a two dimensional fluid fixed on the vesicle surface. The situ-
ation is for the bio-membrane, such as a red blood cell. In the case of the
bio-membrane, the membrane has a back borne made with backed up with
spectrin network as shown in fig.1.1. This network has an elastic property
which produces a restoring force against shear deformation on the membrane
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surface[20]. We show a schematic pictures of the response of the membrane
surface to a shear deformation in fig.1.4.
In section 1.3, we will introduce a coupled system between an amphiphilic
membrane and guest particles, such as polymers or colloids. The equilibrium
shapes of the vesicle is determined by a competition between the bending
elastic energy of eq.(1.1) and the entropy of the guest particles. In section
1.4, the behaviors of a vesicle in a flow field are discussed. Due to the two
dimensional fluid properties of the amphiphilic molecules, the vesicle shows







Figure 1.5: The illustrative pictures for typical examples of polymers con-
taining vesicle, (a) drug delivery system and (b) endocytosis.
One of the typical applications of polymer-containing vesicles is their use
in the drug delivery system (DDS). DDS is a technique in which anticancer
drugs are directly delivered to a diseased part[21]. In the DDS, the cancer
drug and long polymers are concluded inside a vesicle. Similar structure can
be found ubiquitously inside our body, such as endocytosis or the exocytosis.
Therefore, to investigate the coupled system between vesicles and polymers
is important to elucidate physical process of DDS and metabolism. In this
section, we overview proceeding researches on such coupling systems between
the amphiphilic membranes and guest particles. The equilibrium structures
of the membrane and the guest particles are determined by a competition
between the bending elastic energy of the membrane and the entropy of the
guest particles. First, we show physical properties of the guest particles.
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Figure 1.6: An illustration explaining the configurations and conformations
of polymers. (a)linear polymer, (b)comb polymer and (c)star polymer are
are typical examples of different configurations. On the other hand, (d) and
(e) show different conformations of the polymers, which are characterized by
the distance between the two end points.
To obtain the equilibrium distribution of colloid particles inside a vesicle,
their translational entropy has to be considered as well as the interactions
between each colloidal particles. On the other hand, the equilibrium struc-
tures of guest polymers are determined by their translational and conforma-
tional entropies[22]. In this section, we briefly discuss physical properties of
the guest polymers to obtain their equilibrium structures. A polymer is a
macromolecule composed of a sequence of monomers, in which the monomer
is a repeating unit made of several atoms. There are many kinds of configu-
rations of polymers, such as linear polymer, comb polymer and star polymer.
In addition to these different configurations, the polymer can have differ-
ent conformations which are also important in determining the equilibrium
structure. Such a degree of conformation is especially important for long
polymers, which produce large conformation entropy. Let us consider a situ-
ation where a long polymer chain is in equilibrium under the condition that
its end monomers are fixed at some positions. In the case of a polymer with
a short end-to-end distance, the number of conformations that the polymer
can take is larger than that in the case with long end-to-end distance. (See,
for example, fig.1.6(d) and (e).) In the former case, the equilibrium structure
of the polymer is a random coil state in order to maximize the conformation
entropy. In the following we consider only linear polymers for simplicity.
In the next section, we show a deformation of the amphiphilic membrane
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that encloses these polymers in order to maximize the entropy of these guest
polymers.
1.3.2 Amphiphilic membranes with guest particles
(a) (b) (c)
Figure 1.7: A schematic pictures of complex systems of amphiphilic mem-
branes and guest particles. (a): A system composed of lamella membranes
and polymers. (b): A system of colloids inside a vesicle. (c) a system of
polymers inside micells.
First, we show coupled system between lamellar membranes and polymers
which is reported by C.Ligouer, et al. in 1997 [23]. The lamellar membranes
are planer bilayer membranes, which are separated each other by entropic
effect due to the membrane fluctuations. It is called the Herflich’s inter-
action. Adding some polymers into this lamellar membrane, an attracting
interaction between the membranes is generated. As shown in fig.1.7(a), the
lamellar membranes overlap each other against the Helfrich’s interactions.
This attractive interaction is called depletion effect and this physical origin
is the conformation and the translation entropies of the polymers. Near the
membrane surface, there are some space in which the polymer can not in-
vade. This space is called the ”depletion region” which has the width as
the same order as the gyration radius of the polymers. The origin of the
depletion region is the loss of the conformation entropy of the polymer and
the depletion region leads to the loss of the translational entropy of the poly-
mers. Therefore, lamellar membranes attract each other to extend free spaces
of the polymers to move by overlapping the depletion regions of each of the
membranes. Next, we consider the case with closed membrane structure with
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guest particles. Natsume, et al. showed that by adding colloid particles into
a vesicle, a large vesicle separates into small vesicles as shown in fig1.7(b)
[24]. On the other hand, Nakaya, et al. showed that confining long poly-
mer chains into imicroemulsion, where the microemulsion is a closed unilayer
membrane with spontaneous curvature, micells fuse each other and become
one large prolate-shaped micell as shown in fig1.7(c) [25]. The spritting of the
vesicle into two by adding the colloid particles is induced by the translational
entropy of the colloids. On the other hand, the physical origin of the fusion
of polymer-containing microemulsion is not clarified until now. We consider
that this physical origin is the conformational entropy of polymers. This is
because that, in the case with strong confinement of the polymers inside a
narrow space, the translational entropy of the polymers can be negligible.
Therefore, it is expected that the conformational entropy of polymers are
important for the equilibrium structures. In our research, the equilibrium
structures of the vesicle that contains polymers inside it are simulated by
taking into account for polymer conformations accurately. The simulation
method is introduced in the next chapter.
1.4 Vesicle in flow fields
In the previous section, we showed some examples of the stationary structures
of the amphiphilic membranes. In this section, we will show some examples
of the dynamical behaviors of the vesicle in flow fields. There are two typical
flow fields of their used in the studies of the behaviors of the vesicle. One
is the shear flow and the other is the Poiseuille flow. First, the proceeding
researches for the behaviors of the vesicle in shear flow are shown.
1.4.1 Vesicle in a shear flow
In this section, we assume that the vesicle has the ellipsoidal shape for sim-
plicity. The shear flow is decomposed into an the elongational and a rota-
tional flow fields, in which the elongational flow makes the long axis of the
ellipsoidal vesicle to tilt by about π/4 with respect to the flow direction. Re-
flecting these flow fields, two kinds of behaviors are shown in fig.1.8. One is
the tumbling motion and the other is the tank-treading motion of the vesi-
cle. In the tumbling motion, whole body of the vesicle is rotated just like a
similar to the rugby ball. On the other hand, in the case of the tank-treading
motion, the amphiphilic molecules are rotated on the membrane with keep-
ing the whole vesicle shape stationary. With increasing the shear rate of
the external flow field, a transition from the tumbling to the tank-treading
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Figure 1.8: The illustrative pictures of two behaviors of the vesicle in shear
flow, for example of (a)tumbling motion and (b)tank-treading motion.
motions occurs. The origin of this transition can be understood by consid-
ering the dissipation function of internal and external fluids of the vesicle.
By using the velocity of the flow field v and viscosity of the fluid η, the dis-











where dr is the local volume element. In the case of the tumbling motion,
the dissipation function of the external flow is larger than that of the internal
flow of the vesicle. This is because the internal fluid is almost in a stationary
state in the coordinate frame rotating with the vesicle. On the contrary,
in the case of tank-treading motion, the contribution of dissipation function
of the internal fluid is larger than that of the external flow. Generally, the
dissipation of internal fluid is proportional to the vesicle elongation. It can
be understood in eq.(1.3), in which the pure rotational flow does not con-
tribute to the dissipation. In the case of tank-treading motion, the vesicle
shape is largely deformed and the dissipation of the internal fluid is impor-
tant comparing with that of the external flow, because the external flow is
not disturbed by the vesicle behaviors. Therefore, in the case of a vesicle in a
weak shear flow, the whole body rotates without deformation and a dissipa-
tion of the energy of the internal fluid takes place. On the other hand, in the
case with a high shear rate, the vesicle deforms and shows the tank-treading
motion to reduce the dissipation function of the external fluid. In some ex-
periments and numerical calculations, the transition between the tumbling
and tank-treading behaviors are obtained by changing the physical parame-
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ters [28, 29]. For example, with decreasing the reduced volume of the vesicle
and with increasing the viscosities of the vesicle surface compared with that
of the external fluid, this tumbling motion of the vesicle is generated even
for a the shear flow with a higher shear rate. This is because these changes
of the physical parameters lead to increase the dissipation function of the
internal fluid. In analytical studies, the transition between the tank-treading
and the tumbling behaviors of a the vesicle is obtained by Keller and Skalak
in 1981[30](detail is shown in Appendix). A rigid ellipsoidal particle does not
show the tank-treading motion[31], in addition, in the case of an oil droplet in
a water solvent, the droplet does not show the tumbling motion[32]. There-
fore, one of the characteristic features of the vesicle is that the vesicle shows
both of the tank-treading and tumbling motions.









Figure 1.9: The schematic pictures of the stationary shapes of the vesicle in
a Poisseuille flow. (a) The vesicle has a symmetric shape at the center of the
vessel, while an asymmetric shaped vesicle is observed at the off-center po-
sition. Different from the symmetric-shaped vesicle, the asymmetric-shaped
vesicle behave the tank-treading motion. The y axis represents the perpen-
dicular direction to the flow velocity. (b) Typical examples of the vesicle
shapes in a Poisseuille flow are shown, such as parachute, bullet and slipper
shapes.
A vesicle in a Poiseuille flow is a simple model of the red blood cells(RBC)
in a blood vessel. Due to its large deformability, the RBC can pass through
the narrow blood vessel even if the radius of the vessel is the almost same
as the size of the RBC. As well as the RBC, a large variety of vesicle defor-
mations are observed as the stationary shapes, such as parachute, bullet and
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slipper shapes[33, 34, 35, 36, 37, 38]. As shown in the fig.1.10, the parachute
and the bullet shapes are the symmetric shapes, while, the slipper shape is
an asymmetric shape. Contrary to the parachute-shaped vesicle, the slipper-
shaped vesicle locates at the off-center position of the vessel and it shown
the tank-treading motion. As was mentioned above, the tank-treading mo-
tion leads to increase the dissipation function of internal fluid of the vesicle.
Nevertheless, the slipper shape is chosen as a stationary shape of the vesicle
in a Poiseuille flow. Recently, Kaoui et al. showed that a slip velocity of the
slipper-shaped vesicle becomes smaller than that of parachute-shaped vesicle
in 2-dimensional simulation. The slip velocity is defined as the difference
between the average velocity of the vesicle and the unperturbed fluid veloc-
ity at the position of the center of mass of the vesicle. According to this
definition, we understand that the transport efficiency of the vesicle in the
Poiseuille flow is large, when the slip velocity is small. It is the origin why
the slipper-shape is chosen as the stationary shapes in the Poiseuille flow.
Compared with the system with a shear flow, the stationary states of the
vesicle in a Poiseuille flow is not extensively investigated. We will simulate
the dynamical behaviors of such vesicles in a Poiseuille flow, in chapter 4.
1.5 Field theory for simulating vesicle defor-
mations
So far, we show some examples of the deformations of vesicles that are cou-
pled with guest particles and flow fields. In our study, we simulate the
equilibrium shapes of polymer-containing vesicles and their dynamical be-
haviors in a flow field. It is a simple model for the DDS and endocytosis.
To realize simulations of this system, we have to select a proper method.
Usually, the deformations of a vesicle is described by molecular methods,
for example surface element method[39], boundary integral method[37] and
dissipative particle dynamics(DPD)[40]. In the surface element method and
boundary integral method, the surface of the vesicle is divided into many tri-
angles to represent the 2-dimensional curved surface that is embedded in a
3-dimensional space. Compared to DPD, these methods have advantages in
efficiency of simulating the behaviors of the vesicle in flow field. On the other
hand, to investigate the behaviors of the fusion or fission process of vesicles,
DPD is often used instead of the surface element method. Recently, the field
theoretical approach to simulate the vesicle deformation is established[43, 44].
It is called phase field theory, which is similar to the Ginzburg-Landau theory
for phase separation of binary fluid mixture. In this field theory, vesicles are
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(a) (b)
(c)
Figure 1.10: Simulation results for the vesicle deformations, which has been
done using (a) the surface element method, (b) the dissipative particles dy-
namics(DPD) and (c) the phase field method. (a): The elastic vesicles show
a parachute-shaped deformation(upper picture)[33] and also shows an align-
ment of the vesicles(lower picture)[42]. (b): The typical deformed shapes
of the vesicle (upper picture)[41] and a fusion process of membranes (lower
picture)[40] are shown. (c): A break up of an ellipsoidal membrane in-
duced by fluid jet[45]. { (a)(upper picture) Reprinted with permission from
H. Noguchi and G. Gompper, Proc. Natl. Acad. Sci. USA, 102, 14159
(2005).( c⃝2005, National Academy of Sciences). (a)(lower figure) Reprinted
with permission from J. Liam McWhirter et al., Proc. Natl. Acad. Sci.
USA, 106, 6039 (2009).( c⃝2009, National Academy of Sciences). (b)(upper
picture) Reprinted with permission from X. Li et al., Phys. Chem. Chem.
Phys., 11, 4051 (2009).( c⃝2009, Royal Society of Chemistry). (b)(lower pic-
ture) Reprinted with permission from A. Grafmüller, J. Shillcock and R.
Lipowsky, Phys. Rev. Lett., 98, 218101 (2007).( c⃝2007, American Physical
Society ). (c) Reprinted with permission from Q. Du et al., Physica D, 238,
923 (2009).( c⃝2009, Elsevier) }
represented by one scalar order parameter called the phase field. Compared
with the molecular method, there are some advantages of this filed method,
for example, topological changes of vesicles such as fusion or fission can be
realized easily, where the boundary conditions imposed on the membranes
are automatically build-in, and interactions between the vesicle and other ex-
CHAPTER 1. INTRODUCTION 16
ternal fields are efficiently incorporated. Due to these reasons, it can simulate
not only the behaviors of the vesicle in a flow field but also fusion or fission
process of the vesicles. We simulate polymer-containing vesicles using their
phase field theory. Actually, we use the phase field theory to describe the
vesicle shape, and the self-consistent field theory for polymer conformations.
Here, the external flow field is calculated by solving Navier-Stokes equations.
In next chapter, we show simulation methods for vesicle and for polymers.
In chapter 3, some numerical results for equilibrium shapes of the polymer
containing vesicle are shown. In chapter 4 we show simulation method and
results for a dynamical extension of the model introduced in chapter 3 to
vesicles in a flow field.
Chapter 2
Simulation method
In this chapter, we introduce the simulation methods for calculating the
vesicle shape and the polymers conformations, where the deformation of the
vesicle is represented by phase field theory and the polymer conformations
are described by self consistent field theory. As both of these theories are field
theories, they show the similar nature and enable to describe the interaction
between vesicle and polymers effectively. First, we introduce the phase field
theory and the self-consistent field theory, separately, and lately we couple
these two theories.
2.1 Phase field theory




Figure 2.1: Illustrations of two types of models for vesicle shapes. (a): Vesicle
shape described by the Herfrich model, in which the interface is infinitesi-
mally thin. (b): Vesicle shape described by the phase field theory, in which
interface has a finite thickness. Inside and outside regions of the vesicle are
specified by positive and negative values of the phase field ψ.
In this section, we introduce the phase-field theory for simulating vesicle
shapes. Equilibrium shapes of vesicles are obtained by minimizing Helfrich’s
17
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bending energy and there are two typical methods to reproduce their shapes.
One is a discrete description and the other is a continuous field description
for the vesicle surface. In the former case, the surface of the vesicle is repre-
sented by a set of discrete surface elements, for example triangular lattices
or dispersed particles. In the present study, we do not use such a discrete
description because we will introduce interactions between vesicle shape and
the conformations of enclosed polymers, the latter being described by a field
description named the self-consistent field theory(SCFT). In accordance with
the use of this SCFT for polymers, we use the phase-field theory(PFT), which
is based on a similar continuous description as SCFT.
In the PFT, the vesicle surface is represented by a scalar order parameter
ψ, which is called ”phase field”. Inside and outside regions of the vesicle are
specified by positive and negative value of ψ. The interface between inside
and outside regions is defined by ψ = 0. Therefore, the interface of PFT is
stable because it is a robust in the topological defect of the field ψ, which
can not disappear spontaneously.
Next, we derive the bending energy of the vesicle with use of the phase field
ψ. As shown in fig.2.1, the interface of the vesicle described by PFT has a
finite thickness, which is different from the usual Helfrich’s model. It is sim-
ilar to the Ginzburg-Landau(GL) model for oil and water mixtures. In the
case of the GL-model, equilibrium structure of the oil droplet in the water











where ϵ is the interface thickness and the order parameter ψ represents
the difference in the concentrations between oil and water. In the case of the
vesicle shape described by the PFT, in which ψ corresponds to the differences
in the water concentrations between inside and outside regions of the vesicle,
Eq.(2.1) also gives the interface energy. Therefore, the volume fraction of the








Contrary to the oil droplet case, however, what determines the vesicle shapes
is the bending energy of the curved surface of the vesicle instead of the
interface energy. To obtain the mean curvature of the vesicle, following
relations are used[46].
S[{ψ(r)}] ∝ FGL[{ψ(r)}] (2.3)
H(r) = − ∂S
∂ξ(r)
, (2.4)
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(a) (b)
(c) (d)
Red Blood Cells Multi Conponent Vesicles
Open Vesicles Tube Vesicles
Figure 2.2: Some examples of vesicle shapes simulated by the phase field
theory. Corresponding experimental pictures are also shown. (a): Oblate
shapes of vesicles; a simulation result(left) and the actual red blood cell(right)
which is a typical example of bio-membrane with oblate shape[44]. Reprinted
with permission from Q. Du, C. Liu and X. Wangm, J. Comput. Phys., 198,
450 (2004). ( c⃝2004, Elsevier). (b): Multi-component vesicles; a simulation
result(left) and an experimental(right) one[48]. Reprinted with permission
from X. Wang and Q. Du: J. Math. Biol., 56, 347 (2008). ( c⃝2008, Springer).
(c): Cup-shaped vesicle; a simulation result(left) and an experimental(right)
one[48]. Reprinted with permission from X. Wang and Q. Du: J. Math. Biol.,
56, 347 (2008). ( c⃝2008, Springer). (d): Tube vesicles; a simulation result(up
side) and an experimental(down side) one[49]. Reprinted with permission
from F. Campelo and A. Hernández-Machado, Phys. Rev. Lett, 99, 88101
(2007). ( c⃝2007, American Physical Society).
where S is the total surface area of the vesicle and ξ represents small displace-
ment of the vesicle surface in its perpendicular direction. Using the relations
eqs.(2.1)-(2.4), we obtain expression for the mean curvature of vesicle surface
as follows (Detail is shown in the Appendix ):
H[{ψ(r)}] = −ψ(r) + ψ(r)3 − ϵ2∇2ψ(r). (2.5)
This mean curvature is non-dimensional form. Therefore with use of the






−ψ(r) + ψ(r)3 − ϵ2∇2ψ(r)
)2
dr. (2.6)
In eq.(2.6), κ is the bending modulus of the vesicle. It is easy to incorpo-
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rate spontaneous curvatures of the vesicle surface in PFT. Helfrich’s bending











where H0 is spontaneous curvature of the membrane. Equilibrium shapes of
the vesicles are determined by minimizing FB in eq.(2.8) under the conditions
of the fixed surface area S0 and fixed enclosed volume of each vesicle V0. As
a result, we should minimize FPF described by
FPF[{ψ(r)}] = Fb[{ψ(r)}] + σ(S[{ψ(r)}]− S0) + γ(V [{ψ(r)}]− V0), (2.8)
where σ is the surface tension and γ is the osmotic pressure between inside
and outside regions of the vesicle. Total surface area S is given by eq.(2.3).
Considering the fact that the phase field ψ is defined as the differences of
water concentrations between inside and outside regions, the enclosed volume
V is represented as
V [{ψ(r)}] = 1
2
(1 + ψ(r)) . (2.9)
Similar to the time-dependent GL theory in the simplest model for the vesicle






where t is time. Equation.(2.10) corresponds to the equation of motion for a
non-conserved order parameter. Neither the local surface area nor the local
enclosed volume of the vesicle is conserved through the vesicle deformation
described by eq.(2.10). Thus, eq.(2.10) can be used only to obtain equilib-
rium structures of vesicles. As is shown in fig.2.2, a large variety of vesicle
shapes can be obtained by minimizing eq.(2.8). There are some methods to
represents interface of
2.2 Self consistent field theory
To simulate a multi-component polymer system, self-consistent field the-
ory(SCFT) is used successfully. In particular, in the case of phase separations
of a many polymer system, SCFT has shown a high efficiency because of its
computation cost and quantitative accuracy. A molecular model, as another
example of possible methods, requires a larger computational cost to calcu-
late the interactions between polymers. On the other hand, GL theory is
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Self 
Consistent
Mean Field(a)Many Polymers (b)
(c) Path Integral (d) Volume Fraction
Figure 2.3: Schematic pictures explaining the calculation method of the self-
consistent field theory. (a) Interactions of a many polymer system(a) is
approximated by (b) that of a single chain in a mean field. (c)Conformation
entropy is simulated by the path integral. (d) After that volume fraction of
polymers(d) is obtained by the path integral.
a typical method to simulate phase separations of polymer systems, whose
quantitative accuracy is often not adequate. These disadvantages of the
molecular model and the GL model are solved by the use of SCFT. Because
the interactions among many polymers are replaced by the interaction be-
tween the representative polymers and the mean field, which requires much
less computational cost, while mesoscopic structures of polymer chains such
as polymer conformations are also taken into account through the calculation
of the path integral.
Here we show a brief overview of SCFT[50]. At first, many polymers are
approximated by a single representative chain in a mean field ”V (r)”, which
is shown in figs.2.3.(a) and (b). All the interactions between the represen-
tative chain and the other chains is described using the mean field. Next,
conformations of the representative chain are calculated by path integral ”Q”
as is shown in figs.2.3.(b) and (c). A single polymer takes many conforma-
tions, which is the origin of the entropy of the polymer chain. Then as shown
in figs.2.3 (c) and (d), local volume fraction of polymers ϕ(r), which is the
existence probability of polymers at position r, is obtained by the path inte-
gral. Finally the mean field acting on the polymers is recalculated using the
volume fractionϕ(r). Due to the self-consistency condition, this recalculated
mean field needs to be the same value as before mean field. Until this condi-
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tion is satisfied, above procedures are iterated. In the following, we describe
how to calculate methods of V , Q and ϕ in detail.
2.2.1 A physical model of a polymer chain
(a) (b)
Figure 2.4: Schematic pictures of spring-beads model of a single polymer
chain. (a) Single polymer is composed of a sequence of segments, each of
which represents a set of monomers. (b) Segments are connected with linear
springs.
We adopt spring-beads model, which describes an ideal polymer chain.
Single polymer chain is composed of monomers, which are repeating units
of the polymer. In spring-beads model, we redefine the repeating unit as
a segment, which is a set of monomers. The size of the segment should
be to be large enough so that directional correlations between segments are
negligible. We neglect the interactions between segments, therefore segments
are considered to be statistically independent. For such an ideal chain, end
to end distance of a large polymer obeys the Gaussian distribution. This is
similar to the statistical model of random walk. Hamiltonian of a single ideal






|rn+1 − rn|2, (2.11)
where kB is the Boltzmann constant, T the temperature, b the segment size
and n the segment index. This Hamiltonian means that the single polymer
chain is a sequence of beads connected by harmonic springs. In eq.(2.11),
the spring constant of the harmonic spring is dependent on the temperature.
This is due to the fact that the spring is originating from the conformational
entropy associated with the internal degree of freedom inside the segment.
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2.2.2 Path integral
Q (0, r ; i, r)
K 0 i
exp[- 32b r - ri i+1
2
2 -βVK(r )i [
Q (0, r ; i+1, r  )
K 0 i+1
Figure 2.5: An image of eq.(6). Because each bond is independent re-
spectively, path integral of Q(0, r0;i+1,ri+1) is represented by two statistical
weights.
In order to evaluate the free energy of the polymer system, we should
calculate the conformation entropy of polymers, which can be obtained with
use of the path integral methods in SCFT. In the following, we introduce the
path integral method, which is the method to calculate the statistical weight
of the conformation of polymer chains.
We consider a multi-component polymer system, where each component
is specified by an index K. We replace the interaction between a single K-
type segment and the others by a mean field VK . With use of eq.(2.11),










Here let us consider a single polymer with the two end segments, i.e. 0-th
and N -th segments, fixed at positions r0 and rN , respectively. Under this
condition, the statistical weight of the polymer Q(0, r0;N, rN) is obtained by
summing all Boltzmann factors exp(−βEK) for all possible conformations of
this polymer chain. This is represented by the following path integral:
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The partition function of the K-type single polymer is obtained by integrat-
ing the positions of the end points over the whole space as follows:
ZK =
∫
dr0drNQK(0, r0;N, rN). (2.15)
Next, we will derive the recurrence formular for the path integral. Under
the condition that 0-th segment is fixed at r0 and i-th segment at ri, path
integral of a single polymer is represented as QK(0, r0; i, ri). Here, we denote
the state that n-th segment locates at rn as (n,rn). Path integral with end
segments of (0,r0) and (i+1, ri+1) is obtained by
QK(0, r0; i+ 1, ri+1) =
∫







|ri − ri+1|2 − βVK(ri)
]
.(2.16)
Replacing the discretized index i by a continuous variables and expanding
above formula around position ri, we obtain following partial different equa-
tion which is similar to the diffusion equation:
∂
∂s






QK(0, r0; s, r). (2.17)
By solving eq.(2.17), we can obtain the path integral of the statistical weight
for the conformation entropy of the polymers.
2.2.3 Volume fraction of polymers
With use of the path integral, we can calculate the local volume fraction of
the segments. The volume fraction is the existing probability of the segments.
First, we consider the existing probability of s-th segment of a single polymer
at position r. Here we separate the path integral of a single polymer into two
parts. One is the path integral for the subchain with end segments (0, r0) and
(s, rs). The other is that with (s, rs) and (N, rN). The statistical weight of
the whole chain is represented by a product of these path integrals as follows:∫
dr0drNQK(0, r0; s, r)QK(s, r;N, rN)∫
dr0drNQK(0, r0;N, rN)
. (2.18)





Q (0, r ; s, r)
K 0 s
Q (s, r ;N, r )
K Ns
Figure 2.6: Schematic pictures of eq.(8). Path integral of a whole polymer
chain is represented by a products of two path integrals of subchains.
Denominator of eq.(2.18) is the sum of all statistical weights of the single
polymer which plays the role of the normalization factor. To remove the
degrees of freedom of the segment index, we integrate eq.(2.18) with respect





dr0drNQK(0, r0; s, r)QK(s, r;N, rN)∫
dr0drNQK(0, r0;N, rN)
, (2.19)
where MK is the total number of K-type polymer chains in the system.
2.2.4 How to calculate the self consistent field
With use of the volume fraction ϕK , we recalculate the self consistent field
VK(r). This field is composed of the contribution from the excluded volume of
each segments and that from the Lagrange multipliers for the incompressible
condition of each segments and other constraints, Therefore the potential of






χKK′ϕK′(r) + γK(r). (2.20)
The first term on the right-hand side is coming from the excluded volume of
the segments and this term corresponds to the functional derivative of the
interacting energy W between each types of segments on the volume fraction
with K-type respect to the segments(ϕK). Here, the interaction energy is









ϕ Kϕ K′dr. (2.21)
The second term on the right-hand side of eq.(2.20) is the constraint force(Lagrange
multiplier).
The potential field VK(r) should be consistent with the potential which is
used in calculating the path integral for polymers(i.e., eq.(2.17)). Due to
this self-consistency condition, the potential VK(r) is called the ”self consis-
tent field”. In order to obtain the equilibrium states of the polymers, we
should iterate the above procedure until the potential field VK(r), the path
integral QK(0, r0; s, r) and the volume fraction ϕK(r) are consistent with each
other, respectively.
2.2.5 Free energies of polymers
With use of the SCFT, the total free energy of the polymers is obtained
as follows(Details are shown in Appendix):
FSCF[{ϕ(r)}] = − kBT
∑
K






In the first term on the right-hand side of the equation, which is the contri-
bution from the partition function of polymers subjected to the interaction
potential, includes contributions of the conformation entropy, interacting en-
ergy and confining potential for the incompressible conditions. The second
term and the third term of eq.(2.22) appear in order to cancel the doubly
counted interacting energy and the artificial contribution from the constraint.
2.2.6 Hard confinement for polymer solutions
The equilibrium structures of the polymer solution are investigated by the
SCFT[51, 52, 53, 54]. Especially, the system where the polymers are confined
in a narrow space is an attractive target of the study. When polymers that
have gyration radii are confined inside a narrow region, translational degrees
of freedom of the center of mass of these polymers are restricted. In this
case, comparing to the translational entropy of the polymers, the conforma-
tion entropy becomes a major factor to determine the equilibrium structure.
For example, the simulation results for the confinement of the block copoly-
mers solution inside the spherical pore are shown in fig.2.7. Here, the block
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Figure 2.7: Examples of hard confinement of polymers, such as a diblock
copolymer solution confined in a the spherical pore[58]. Contrary to the bulk
systems, where the block copolymer shows a hexagonal cylinder phase, a large
variety of equilibrium structures are obtained due to the confinement inside
the spherical pore. Reprinted with permission from P. Chen and H. Liang,
Macromolecules, 41, 8938 (2008). ( c⃝2008, American Chemical Society)
copolymer is a polymer chain that is composed of two different sub-chains
linked by a chemical bond. This chemical bonding between two different
sub-chains leads to a micro phase separated structure, in which the competi-
tion between the conformation entropy and the repulsive interaction energy
between each segments is an important factor to determine the equilibrium
states. As shown in fig.2.7, when the radius of the spherical pore is changed,
which means that the degree of the confinement for the polymers is changed,
a large variety of equilibrium structures are obtained. In this simulation, the
shapes of the pore shape is unchanged. On the other hand, when the poly-
mers are confined inside a vesicle, the vesicle can deform corresponding to
the distribution of the polymers inside the vesicle. In this thesis, we call the
former case as ”hard confinement” and the latter one as ”soft confinement”
of the polymer solutions. The soft confinement of polymers solution has not
been studied, while, there are many work for the hard confinement[57, 58].
To realize the soft confinement of the polymer solution, we combine the PFT
and SCFT, whose details will be given in the next section.
2.3 Coupled system between PFT and SCFT
As sown in fig.2.8, when polymers are confined inside a vesicle, conformations
of those polymers are restricted. It is the origin of the loss of the entropy
of polymers. Therefore, polymers impose a force on the membrane due to
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Figure 2.8: An illustrative picture of the interaction between polymers and a
vesicle. (a): Loss of conformation entropy of polymers due to the confinement
by the vesicle. (b): Cost of bending energy of the vesicle induced by the
confined polymers inside it.
loss of the conformation entropy. The equilibrium structure of the polymers
confined inside the vesicle is obtained under the condition that the confor-
mation entropy of the polymers and the bending energy of the vesicle are
balanced. In this section, we show a method to simulate the structure of the
vesicle and the polymers by coupling phase field theory(PFT) for the vesicle
with self consistent field theory(SCFT) for the polymers.
2.3.1 Polymer force acting on the vesicle
At first, the force acting on the vesicle from the polymers is derived. With
the use of SCFT, total free energy of the polymers, each of which is composed
of N -segments, are obtained as follows:
FSCF = −Mplog
∫
Q̃p (s, r) Q̃
†
p (N − s, r) dr−
∫
ϕ(r)Vp(r)dr+W, (2.23)
where s is an index of an arbitrary segment. Equation(2.23) has been non-
dimensionalized with use of the thermal energy kBT . The first and the sec-
ond terms on the right-hand side of eq.(2.23) represent contributions from
the entropies of polymers in which conformation and translation entropy are
included. The last term (W ) expresses the interaction energy between poly-
mers and other components, for example of solvents or vesicle, and mixing
entropy of the solvents. In our system, polymers are confined inside the vesi-
cle and free energy of the polymers should also be evaluated only inside the
vesicle. In the PFT, the inside region of the vesicle is represented by ψ > 0.
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Q̃p (s, r) Q̃
†





Here, let us introduce the following function:
ϑ(r) =
{
1 ψ(r) > 0
0 ψ(r) < 0
. (2.25)
By using this function, we can rewrite eq.(2.24) in form:
FSCF = −Mplog
∫
Q̃p (s, r) Q̃
†




To evaluate the force imposed on the vesicle from the polymers, we take a








































where z1 is partition function of single polymer chain as z1 =
∫
ψ>0
Q̃p (s, r) Q̃
†
p (N − s, r) dr.
To simplify eq.(2.27), we use the functional derivative of the path integral
















′, r′; s, r). (2.28)
Equation(2.28) means that the small variation in the SCF potential, which
is induced by the deformations of the vesicle, changes the number of the
conformations of polymers(the detail is shown in the Appendix). With use
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Substituting eq.(2.29) into eq.(2.27), we obtain the functional derivative of





























Here we perform the functional derivative of the interaction energy W with





where w(r) is local interaction energy, such as the repulsive energy between
the polymers and the solvents. In the numerical calculation, the shape of the
vesicle is fixed when the equilibrium structure of the polymers is calculated.










Substituting eqs.(2.31) and (2.32) into eq.(2.30), the third and force terms
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With use of eqs.(2.30) and (2.33), we obtain the functional derivative of SCF





































To perform the functional derivative of ϑ with respected to ψ, we approximate




(1 + tanh(αψ(r))) , (2.35)








Q̃p (s, r) Q̃
†




With use of eq.(2.36), the force from polymers acting on the vesicle is taken
into account.
2.3.2 Simulation method for polymer-containing vesi-
cles
Here, we show the simulation method to calculate the equilibrium structures
of the polymer-containing vesicles. At first, we rewrite each components of
the total free energy of the system in a non-dimensional form. Using the field
variables, the total free energy Ftotal of the system composed of the vesicle,
polymers and the solvents is given in the following form:
Ftotal[ψ, ϕp] = Fb[ψ] + σ (S − S0) + γ (V − V0) + FSCF[ψ, ϕp], (2.37)
where all of these contributions are non-dimensionalized by β = 1/kBT . The
first term on the right-hand side of eq.(2.37) is the free energy of the vesicle
obtained with the PF theory, which was proposed in the preceding section.
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where κ is the bending elastic modulus that is non-dimensionalized by the
thermal energy β, and the unit of the length is chosen as the interface thick-



















where we used the relation eq.(2.35) for the total enclosed volume V . Next
we show that the contributions to the free energy from the SCF calculation.
They are given as
FSCF[ψ, ϕp] ≡ (Fp + Fs + Fint) , (2.41)
where Fp, Fs and Fint are contributions from the polymers, the solvent and the
segment interactions, respectively. These components are defined as follows:









dr [(1− ϕp) log (1− ϕp)− (1− ϕp)] , (2.43)
Fint = χps
∫
drϕp (1− ϕp) , (2.44)
where χps is the excluded volume interaction between each segment of the
polymer and the solvent. For simplicity, we can assume that all the interac-
tion parameters vanish except for χps without loss of generality.
With use of the total free energy eq.(2.37), the time evolution of the vesicle






In eq.(2.45), the force from the polymers acting on the vesicle is included.
This force is calculated with use of eq.(2.36). We realize the polymers con-
finement inside the vesicle to solve the diffusion equation of the path-integral
eq.2.17 in the condition ψ > 0. Therefore, the vesicle surface is Direch-
let boundary condition in polymer conformations. It is due to satisfy the





Prolate shape Oblate shape
2-Sphere shape(a)
(b) (c)
Figure 3.1: Schematic pictures of the shapes of polymer containing mem-
branes. (a) 2-spherical membranes, (b) prolate shape of membrane and (c)
oblate shape of membrane. In experiment, because of the existence of the
polymers inside the membrane, two spherical membranes fuse and form one
big prolate shape.
In this chapter, we show results in static simulations for polymer-containing
vesicles. In a recent experiment, Nakaya et al. reported that a polymer-
containing microemulsion, in which a microemulsion is a closed membrane as
same as a vesicle, tends to chose a prolate shape rather than the oblate shape
as the equilibrium shape. To clarify the physical origin of this phenomenon,
we simulated equilibrium shapes of the vesicle that contain polymers inside it.
33
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Recently, Kurokawa et al. showed that the prolate shape of microemulsions
are represented by the molecular dynamics simulation[60]. In this simulation,
the prolate shape is induced by attractive interactions between polymers and
microemulsion. On the other hand, we focus on the conformational entropy
of polymers for equilibrium structures of the vesicle that contains polymers.
With use of the coupled system between PFT and SCFT, which is formulated
in chapter 3, shape deformations of the vesicles induced by polymer confor-
mations are investigated. It means soft confinement of polymer solutions
differently from polymer solutions inside rigid containers. In the first, we
study the equilibrium shapes of vesicles that contain homogeneous polymer
solutions. It is inspired by the experiment of Nakaya et al.. Secondary, the
vesicle deformations induced by inhomogeneous polymer solutions are inves-
tigated. In this inhomogeneous case, we changes parameters systematically,
such as spontaneous curvature of the vesicle and quantities of polymers.
3.1 Soft confinement for the homogeneous poly-
mer solutions
(b)(a)










Figure 3.2: Typical vesicle shapes (a)prolate shape, (b)oblate shape and (c)
dependence of the bending energy of the vesicle without polymers on the
reduced volume υ. Parameters are chosen as v = 0.65, ρ = 0.1, χ = 0.0 and
N = 100, respectively. In fig.(c) the blue symbols and red symbols are for
the prolate shape and the oblate shape, respectively .
At first, we show the results of the equilibrium shapes of polymer-containing
vesicles. As the candidates of the equilibrium shapes of the vesicle that con-
tain polymers, we assume the prolate shape and the oblate one. Adopting
polymers inside these two types of vesicles, we evaluate the free energy of
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the equilibrium shape of the vesicle. Figures 3.2(a) and (b) show two typical
shapes of the membrane, i.e. a prolate shape and an oblate one, respectively,
obtained for the case with v = 0.65, ρ = 0.1, χ = 0.0 and N = 100. These fig-
ures have axisymmetric shapes. As shown in fig.3.2(c), in the case of a vesicle
without polymers, the oblate shape is more stable than the prolate shape. In
figs.3.2(a) and (b), the color inside the vesicle shows the sum of the volume
fractions of the membrane and the polymers, i.e. ϕm + ϕp. In this case, the





















Figure 3.3: Individual components of the total free energy are shown. Blue
symbol are for the total free energy, the red symbol for the entropy of the
polymers, the orange symbols for the entropy of the solvents and the green
symbols for the bending energy of the vesicles. This figure represents the
dependences of these components on the chain length N for the case with
υ = 0.65, ρ = 0.1 and χ = 0.0. For each of the components, F (prolate) −
F (oblate) is shown.
dependences of the components of the free energy on the chain length N for
the athermal case with v = 0.65, ρ = 0.1 and χ = 0.0 (i .e.Fint = 0). The
quantities shown in this figure are the differences between the values for the
prolate vesicle and that for the oblate vesicle. Thus, a negative value means
that the prolate shape has lower free energy than the oblate case.
Figure 3.3 indicates that the conformation entropy of polymers tend to pre-
fer prolate shape when the chain length is increased. On the other hand,
the contribution from the translational entropy of the solvents shows a more
complex behavior. To understand why the conformation entropy of poly-
mers βFP prefers prolate shape, we give a simple interpretation considering
extreme situation. Let us approximate an oblate or prolate shape with a
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cylinder with a diameter x and a height y. These two values are deter-
mined when the total surface area and enclosed volume are given. These
conditions lead to x2y = C1 and x
2 + 2xy = C2, where C1 and C2 are con-
stants that correspond to the total enclosed volume multiplied by 4/π and
the total surface area multiplied by 2/π, respectively. Solving these set of
equations for given C1 and C2, we obtain 3 solutions (xi, yi) (i = 1, 2, 3)
where x3 < 0 < x2 < x1. Obviously, the solution x3 < 0 is unphysical. The
other two solutions correspond to the oblate shape (x1, y1) and the prolate
shape (x2, y2), respectively. If x2 is small, we obtain up to the first order
in x2 that x2 = 2C1/C2 ≡ LPR(prolate) and y1 = C1/(2C2) ≡ LOB(oblate).
Thus, the ratio between the linear dimensions of the confined region for the
prolate and the oblate cases is LPR = 4LOB.

















Figure 3.4: A simple theoretical argument based on blob picture of single
polymer chain inside a prolate and an oblate type cylinder is explained. (a)
Single polymer can be replaced by a sequence of blobs with size LC in a
course graining level. LC corresponds to the size of a cylinder that confines
the polymers cases. (b) and (c) show that the single polymer is confined
inside a prolate type cylinder and an oblate type one, respectively. In the
case of the prolate type cylinder, each blob can not move in the two directions.
On the other hand, in the oblate cylinder case, each blob can not move only
in one direction.
Now, we estimate the increase in the conformational free energy due to
such confinements. We consider an ideal chain confined in a region of size
LC. As the number of segments in a blob of size LC is in proportion to
L2C, a chain made of N segments can be regarded as a linear chain of N/L
2
C
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blobs(Fig3.4.(a)). Therefore, the increase in the conformational free energy
per chain due to the confinement is given by






Using the fact that the number of chains is inversely proportional to the
chain length N because of the constant volume fraction ϕ inside the vesicle.
Because there are two directions of the confinement in the prolate case(Fig3.4.
(b)), we can estimate the difference in the total conformational free energy(
i.e. △F × (number of chains)) between the prolate and the oblate cases as
1
N




This equation means that the conformational free energy prefers the prolate
shape, which is consistent with the results in Fig.3(a) for the long chain
region.
In the case of a homogeneous polymer solution, the bending energy difference
between different chain lengths N is almost the same. It is because the
conformational entropy of the polymers is almost the same even if the vesicle
is categorized in the same shape. For example, the both of the prolate shape
and small deviated prolate shape are not different for the inside polymers.
This reason is considered that polymers spread over the whole region inside
the vesicle. In the next section, we will consider the inhomogeneous case
where a shape change of the vesicle is induced by the polymer distributions.
3.2 Soft confinement for the inhomogeneous
polymer solutions
In this section, we show the shape deformations of vesicles induced by the
inhomogeneous distributions of the enclosed polymers. In this case, there is
repulsive interaction between polymers and solvents, where the strength of
the repulsive interaction is described by Flory-Huggins parameter χ. The χ
is proportional to the inverse of the temperature. Therefore the polymers
and the solvents are phase-separated when χ is increased. In following, we
fix the reduced volume of vesicles at υ = 1/
√
2, where the vesicle has same
total surface area and enclosed volume as those in two 2 spherical vesicles. In
fig.3.5, we show equilibrium distributions of the vesicle and the polymers. In
this system, the ratio between the total enclosed volume of the vesicle and the
total amount of the polymers is 10 : 1. It corresponds to the value of the mean
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Figure 3.5: The equilibrium shapes of vesicles that contain polymers inside
them. The vertical axis represents the Flory-Huggins parameter χ and the
horizontal axis represents the chain length N . The white lines are the bound-
ary between different phases determined by the Flory-Huggins theory in bulk
systems.
concentration of the polymers ρ = 0.1. When χ is increased with constant
chain length of the polymers N , the polymers and solvents are segregated
inside the vesicle. On the other hand, when N is increased with constant
χ, the polymers and the solvents are also phase-separated. Therefore, it is
considered that both of χ and N are important parameters for the phase
separation. Here we adopt the Flory-Huggins theory to obtain the condition
of the phase separation between the polymers and the solvents. In the Flory-
Huggins theory, it is well known that χABN > 2 is the condition for the phase
separation of polymer blends in the bulk system. In this relation, repulsive
interaction between A and B of the some polymerization indices types of
segments is represented by χAB and both of these polymers are assumed
to have the same chain length N . In the case of our system, we consider
a mixture of polymers and solvents. The Flory-Huggins energy per unite
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Figure 3.6: The equilibrium structures of the vesicle and the polymers near
the phase separation between the polymers and solvents in ρ = 0.1. The
upside is the structures in the χ = 0.9 and the down side represents those
in χ = 0.8. The blue lines are the boundaries for the phase separation
predicted by the Flory-Huggins theory for the bulk system. The yellow lines
are also the boundaries which are obtained by the Flory-Huggins theory for
the confinement inside the vesicle.




ϕp (log ϕp − 1) + (1− ϕp) (log(1− ϕp)− 1) + χϕp(1− ϕp), (3.3)
where ϕp is the mean volume fraction of the polymers. The first and the
second terms on the right-hand side are the mixing entropies of the polymers
and the solvents, respectively. The third term represents the interaction
energy between the polymers and the solvents. In equation(3.3), we used the
relation ϕs = 1 − ϕp, where ϕs is the mean volume fraction of the solvents.
Using eq.(3.3), we obtain a condition for the phase separation by drawing the
coexistence line on the phase diagram. In fig.3.5, the conditions of the phase
separation are described, for example N = 31.5 in χ = 0.7, N = 16.3 in
χ = 0.8 and N = 10.5 in χ = 0.9, respectively. In these results, the polymers
and the solvents are also segregated near the chain length predicted by the
Flory-Huggins theory. Here, we focus on the equilibrium structures of the
vesicle and the polymers near the boundary of the phase separation between
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polymers and solvents. In fig.3.6, we shows the equilibrium structures near
those boundaries. The blue lines represent the boundaries for the phase
separation predicted by the Flory-Huggins theory in the bulk system. The
figure shows that the polymers are segregated for the shorter chains than
that predicted by the Flory-Huggins theory in bulk system. The reason of
this discrepancy is the existence of the depletion layers. The depletion layer
is the region where the polymers cannot exist due to the loss of conformation
entropy. Because of the depletion layer, it is predicted that the effective
concentration of the polymers become increased. It is well known that the
width of the depletion layer is about the gyration radius of the polymers.
Therefore, we define the effective concentration of the polymers inside the








where V is the total enclosed volume of the vesicle and S is the total surface
area of the vesicle. With use of eq.(3.4), we re-obtain the phase boundary
for the phase separation. This boundary is represented by the yellow line in
fig.3.6. Considering the depletion layers, the phase boundary predicted by
the Flory-Huggins theory approaches the boundary obtained by our simula-
tions. Therefore, the polymers are more easily segregated from the solvents
because the mean concentration of the polymers become increased due to
the existence of the depletion layer. The small deviation between the the-
ory and simulation result still remains. We will search for the origin of this
discrepancy in own future work. We consider the discrepancy is due to the
dependent for the phase separation on the conformation of the polymers and
the vesicle shapes.
Next, we focus on the shape changes of the vesicle induced by the inho-
mogeneous structures of the polymers. In fig.3.5, there are two types of
phase-separated structures between the polymers and the solvents. One is
the states where the polymers are separated in two regions. Another is the
states where the polymers exist only in one side of these two regions. Which
of the two types of inhomogeneous structures are selected is determined by
the competition between the entropies and the repulsive interaction energy
for the polymers and the solvents. For example, the polymers and the sol-
vents tend to mix to decrease the free energy contribution from the mixing
and conformation entropies. On the other hand, polymers and solvents are
separated, where the interface area tends to be smaller to reduce the inter-
action energy between the polymers and the solvents. As a result of this
competition, the polymers distribute homogeneously inside the vesicle at
low value of χ. In this state, the mixing entropy for the polymers and the
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pear
prolate
Figure 3.7: The behavior of the equilibrium structures of the vesicle and
the polymers as a function of the repulsive interaction parameter χ (upper
figure), and the χ-dependence of the bending elastic energies (lower figure).
In upper figure, (a) and (b) are stable prolate shapes with χ = 0.6 and
χ = 0.7, respectively. (d) and (e) are also stable pear shapes with χ = 0.8
and χ = 0.9, respectively. Figure (c) is an unstable pear shape with χ = 0.7.
In lower figure, blue symbols represent bending elastic energies of the prolate
shapes and the red symbols are those for the pear shapes. The green line
represents the behavior of the bending energies for the stable vesicle shapes.
solvents dominates the free energy compared with the repulsive interaction
energy. When the χ becomes larger, the depletion layer also becomes larger
and the polymers are segregated from the solvents as is predicted by the
Flory-Huggins theory. In such a state, the polymers exist mainly in the two
region of the vesicle because of the topological defect of the prolate shape of
the vesicle. Finally the polymers are strongly segregated from the solvents
and form an aggregation in one side of the vesicle. In this case, the repulsive
interaction energy dominate the free energy than the entropies of the poly-
mers and the solvents. These phase separated structures of the polymers
induce the change in the vesicle shape. When the polymers aggregate at one
side of the vesicle, the vesicle deforms to a pear-like shape from a prolate
shape. In fig.3.7, we show the equilibrium structures of the vesicle and the
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polymers for different values of the χ parameter. The pear-shapes of the vesi-
cle has a larger bending elastic energy compared with the prolate shape. On
the other hand, the pear shape has a smaller repulsive interaction energy. As
the conformation entropy tends to spread the polymer distribution, a large
asymmetric deformation, such as the one shown in fig.3.7(d), is obtained as
the metastable state. It is also shown that this phase transition between the
prolate and the pear shapes is first order transition.
Vesicles with non-zero spontaneous curvature













Figure 3.8: The equilibrium structures of the polymers and the vesicle that
has a small spontaneous curvature (upper), and the behavior of the bend-
ing elastic energy of the vesicle(lower). In these figures, the Flory-Huggins
parameter χ is changed, while all other parameters are fixed. In the lower
figure, the blue symbols, the red symbols and the orange symbols represent
prolate, pear and dumbbell shapes, respectively. The green line represents
the behavior of the equilibrium structures of the polymers and the vesicle.
In this section, we show the equilibrium structures of polymers and a vesicle
that has a small spontaneous curvature, such as an inverse micell. In this
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where S is the total surface area of the vesicle. This value of the spontaneous
curvature corresponds to the inverse of the radius of a sphere that has the
total surface area of the vesicle. The equilibrium shape of a vesicle with this
spontaneous curvature is expected to have a sharp neck at the middle of its
elongated shape. We call this equilibrium shape as ”dumbbell shape”. The
dumbbell shape defined by set of spherical vesicles that have same enclosed
volume and total surface area. This shape has a mirror symmetry plane that
is perpendicular to the axis of elongation of the vesicle. On the other hand,
shapes without such a mirror symmetry in fig.3.8 are called pear shapes.
We find three types of equilibrium shapes, i.e. dumbbell, pear and prolate
shapes, of the vesicle with the spontaneous curvature at the conditions with
the reduced volume υ = 1/
√
2, chain length of the polymers N = 100 and
the mean concentration of the polymers ρ = 0.1. As shown in fig.3.8, with
increasing the Flory-Huggins parameter χ, the dumbbell shape changes to
the prolate shape and then the dumbbell shape is re-obtained when the χ-
parameter is further increased. To elucidate the reason why the dumbbell










Figure 3.9: The differences in the free energy contributions between dumb-
bell and prolate shapes: total free energy (dark blue curve), entropy of the
polymers (green curve), mixing entropy of the solvents (orange curve), bend-
ing energy of the vesicle (red curve), and the interaction energy between
the polymers and solvents (light blue curve). The regions with positive val-
ues mean that the prolate shapes is more stable compared with the dumbbell
shape, on the other hand the dumbbell shapes are more stable in the negative
regions.
shape is re-obtained, we show in fig.3.8 the differences in the individual con-
tributions to the free energy between the dumbbell and the prolate shapes.
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For all the parameter range of χ < 0.68, we studied the contribution from
the mixing entropy of the solvents and that of the repulsive interaction are
almost balanced. In the regions with small χ, such as χ < 0.2, the equi-
librium shapes are mainly determined by the bending energy of the vesicle,
which leads to the dumbbell shapes. With increasing χ, contribution from
the entropy of polymers is gradually increased. In fig.3.9, we can find a peak
in the contribution of entropy of the polymers at χ = 0.5. It is known that
the polymers show a transition from a globule state to a coil state at χ = 0.5.
Therefore, this peak represents a transition of the dominant factors in the
free energy between conformational and translational entropies of the poly-
mers. For example, conformational entropy of the polymers is important in
χ < 0.5, while the translational entropy is dominant for χ > 0.5. We assume
that competition between translational and conformational entropies of the
polymers is important for the stabilities around χ = 0.5. As a result, the
prolate shapes are more favorable for the polymers than the dumbbell shapes
in 0.2 < χ < 0.62. This is because the conformations of the polymers inside
the dumbbell shapes are restricted more than that inside the prolate shapes
due to the effect of narrow neck region of the dumbbell shapes. On the other







Figure 3.10: The bending energy of the dumbbell shaped vesicle (lower figure)
and the equilibrium structures of the vesicles and polymers for χ = 0.0(left)
and χ = 0.62(right).
hand, for 0.6 < χ < 0.68, the both of two regions inside the dumbbell shape
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have higher spherical symmetry than that for χ = 0.0. This deformation is
induced by the domain structure of the polymers. Moreover, the increase
of the spherical symmetry leads to the reduction of the radius of the neck
regions of the vesicle. When the radius of the neck region becomes smaller,
and it induces the overlap and the reduction of depletion layers. Therefore,
the free energy contribution from the entropy of the polymers is decreased
due to the spreading of the free spaces for the polymers. This explanation
is also supported by the data in fig.3.10. The lower figure shows that the
bending energy of the dumbbell shaped vesicles rapidly increases, and it is
assumed that the transition between different branches of the vesicle shapes
is occurred around χ = 0.6. It can be recognized that inhomogeneous struc-
tures of the polymers inside the vesicle change the vesicle shape. The upper
figure of fig.3.10 also shows that the radius of the neck of the dumbbell shape
becomes decreases due to the depletion effect. Recently, Terasawa, et al. re-
ported that the vesicles can undergo fission due to the reduction of depletion
layers similarly to our results. Therefore, our results confirm their experi-
mental finding.
Finally, we consider the transition between the dumbbell and pear shapes
of the vesicle. In fig.3.11, we show the difference in the contributions to
the free energy between the pear and the dumbbell shapes in the range
0.62 < χ < 0.68. With increasing the Flory-Huggins parameter χ, total free
energy difference is monotonically increasing, which means that the pear
shapes become more and more stable. We confirm that the pear shape has
less interaction energy than the dumbbell shape. In the pear shape with
χ > 0.66, the polymers exist only in one side of the vesicle. On the other
hand, in the case of dumbbell shapes, the polymers exist in both sides of
the vesicle. Therefore, while the interaction energy is favorable for the pear
shape, the dumbbell shapes is more favorable with respect to the entropy of
the polymers because the polymers can occupy a larger region. In fig.3.11,
there is a kink in the curve around χ = 0.64. The polymers inside the pear
shaped vesicle spread in both regions even if one of the two regions is con-
siderably narrow compared with the other region. This structural change
occurs at around χ = 0.64 as shown in the upper figure of fig.3.11. When the
polymers distribute in both regions inside the vesicle, the bending energy of
the vesicle becomes smaller. Therefore, the kink of the free energy difference
curve is obtained around χ = 0.64.
So far, the equilibrium structures are obtained only for the case with mean
concentration of the polymers ρ = 0.1. Here, we focus on the vesicle with
spontaneous. In fig.3.12, the structures that minimize the free energy are
shown. In the case with χ = 0.8, there are three types of structures, such as
dumbbell, pear and ”spool” shapes. As shown in the center row of fig.3.12(a),
CHAPTER 3. EQUILIBRIUM SHAPES OF POLYMER-CONTAINING VESICLES46










χ=0.62 χ=0.64 χ=0.66 χ=0.68
Figure 3.11: The snapshots of the structures of the pear shaped vesicle that
contain polymers (upper figure). The downer figure represents the differ-
ences in the contributions to the free energy between pear and dumbbell
shapes:total free energy (dark blue), entropy of the polymers (green), sum
of mixing entropy of the solvents and Flory-Huggins interaction energy (or-
ange),and bending energy of the vesicle (red). The regions that have positive
values means that the pear shapes are stable compared with the dumbbell
shapes. On the other hand, the dumbbell shapes are stable in the negative
regions.
spool shaped vesicle include polymers inside the center region and the vesi-
cle have two narrow necks. With increasing the mean concentration ρ, these
necks become narrower and finally one of the necks vanishes at ρ = 0.3. In
this case for ρ = 0.3, the polymers exist only in one side of the vesicle and the
vesicle becomes tube-like elongated shape. This shape transition is due to
the reduction in the interface energy between the polymers and the solvents.
Therefore, on the other hand for the polymers inside the dumbbell shaped
vesicle, the polymers gather in one side of the tube shaped vesicle. Below
ρ = 0.25, watch shaped vesicles are obtained by the spherical domain of the
polymers. With increasing the total amount of the polymers, the polymers
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0.1 0.15 0.2 0.25 0.3
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(b)
Figure 3.12: The distributions of the vesicle and the polymers in (a) χ = 0.8
and (b) χ = 0.7. Dependence on mean concentration for the polymers inside
the vesicle ρ for the case with υ = 1/
√
2, N = 100 are shown. In the
case with χ = 0.8, three branches for the structures in the energy minimum
are obtained. The equilibrium sates are structures surrounded with yellow
squares.
can not take an isotropic distribution because of the restriction of the total
enclosed volume inside the vesicle. It leads to the tube-like deformation. The
transition between the spherical shape and the tube-like shape of the vesicle
is also shown around ρ = 0.25 in the upper row in fig.3.12(a). In this case,
one of the two principal curvatures becomes zero the same as the transition
between watch and tube shaped vesicles. In the transition between pear and
tube shaped vesicles, the bending energy for the vesicle become increased
in order to compensate the reduction of the interface energy between the
polymers and the solvents. On the other hand, in the case of the dumbbell
shaped vesicle, the ratio between the bending energy and the interaction en-
ergy is reversal comparing to the case of pear shaped vesicle. The difference
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between the free energy relation of the pear shaped and dumbbell shaped
vesicle influences the equilibrium structure. The pear shaped vesicle is cho-
sen for the stable shape for ρ < 0.3 to reduce the interaction energy between
the polymers and the solvents. However the dumbbell shaped vesicle become
stable around ρ = 0.3, because of the contribution from the bending energy
of the vesicle.
















Figure 3.13: Shapes of the vesicle and the distributions of the polymers for
χ = 0.8. Dependences on the mean concentration ρ and the spontaneous
curvature H0 are shown.
and mean concentration ρ are shown in fig.3.13. In this figure, the spon-
taneous curvature H0 is scaled using R0 =
√
S/4π which represents the
radius of a sphere with the same surface area. We consider the case where
a vesicle with the total surface area S and reduced volume υ = 1/
√
n splits
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into n pieces of spherical vesicles. In this case, the spontaneous curvature
H0 =
√
n/R0 corresponds to the curvature of each spherical vesicle. In
fig.3.13, we focus on the two regions of the vesicle shapes. One is the lower
side of the vesicle where the vesicle contains polymers inside it, and the other
is the upper side where the vesicle contains no polymers. For ρ < 0.25, lower
side of the vesicle is almost spherical and its spherical shape is determined by
the spherical domain of the polymers inside the vesicle. This is to decrease
the interfacial energy between polymers and solvents. On the other hand,
upper side of the vesicle shows large deformations with increasing ρ and H0.
This large deformation can be intuitively understood as follows. There are
two reasons, both of which are related to the spherical deformation of lower
side of the vesicle. When the radius of the sphere in the lower side increases,
the reduced volume of the upper side vesicle becomes smaller. It is because a
spherical shape is the shape that has the largest enclosed volume. Therefore,
the enclosed volume of the upper side region becomes smaller and its reduced
volume also decreases. The reduction of the reduced volume is first reason for
the large deformation of the upper region of the vesicle. The second reason
is also related to the spontaneous curvature. Here, we expand the Helfrich













In eq.3.6, we can understand that κH0 is a constraint force for the total
amount of local mean curvatures. With increasing ρ, the radius of the spher-
ical shape of the lower side region of the vesicle becomes larger. It induces
the reduction of the mean curvature of the lower side of the vesicle. This re-
duction of the mean curvature of the lower part is compensated by the large
deformation of the upper side of the vesicle. Therefore, when both of ρ and
H0 become larger, the upper side of the vesicle shows large deformation. In
these deformations, the polymers always form spherical domains. This is to
decrease the interfacial energy between the polymers and solvents at the cost
of the bending energy of the vesicle. Here, we observe bottle shaped vesicles
for ρ > 0.25 in fig.3.13. In these shapes, the polymers do not form spherical
domains and the interfacial energy between the polymers and the solvent is
higher than that of the spherical domain. On the other hand, the bending
energy of the vesicle is decreased, and then this bottle shape becomes stable.
It is expected that when χ becomes small, where the interfacial energy be-
tween the polymers and the solvent less influences the stable shapes of the
vesicle. The bottle shaped vesicles are obtained even for smaller values of H0
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and ρ as shown in figs.3.12(b) and 3.13.
Chapter 4
The vesicle in a 2-dimensional
Poiseuille flow
Figure 4.1: Red blood cells in a narrow blood vessel[62]. In the external flow
field, the vesicles show symmetric and asymmetric shapes. Reprinted with
permission from R. Skalak and P-I Branemark, Science, 164, 717 (1969).
( c⃝1969, AAAS)
In this chapter, the deformations of the vesicle in a 2-dimensional Poiseuille
flow are investigated using simulations. It is a simple model of the red blood
cells(RBC) in a blood vessel. Moreover, we also consider the case with the
vesicle that contains polymers inside, which is a simple model of drug-delivery
system. To take into account the coupling between the vesicle and the poly-
mers, a field theoretic approach is constructed in the same manner as dis-
cussed in chapters 2 and 3. Contrary to the discussion in chapter 3, where
only the equilibrium shapes of the vesicle was calculated, the dynamical be-
haviors of the vesicle should also be discussed in this chapter. First, we
derive a dynamical equation of the vesicle deformation in section 4.1. The
simulation results and the discussions are presented in section 4.2.
51
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4.1 Simulation method for vesicle dynamics
There are several types of dynamical models for the vesicle deformations with
use of the phase field theory. For example, Biben, et al. simulated the vesicle
deformation based on the advected field approach[43, 63]. In this approach,
the deformations of the vesicle are induced by an external flow field, which
obeys the Stokes equation, and the effect of the diffusion of the molecules on
the membrane is assumed to be negligible. They obtained the stable steady
state shapes of the vesicle where the flow field is affected by the volume force
originating from the bending elasticity of the vesicle. As another example,
Campelo et al. also obtained the equilibrium shapes of the vesicle by taking
into account the effect of the diffusion of the water enclosed by the vesicle[64].
Contrary to the advected field approach used by Biben,et al., they did not
consider the external flow field. In each of these two cases, the time evolution
equation of the local quantities of the water enclosed by the vesicle surface
is solved.
In this section, we construct a new framework for the dynamics of the vesi-
cle deformations taking into account both the advection and the diffusion.
Differently from preceding studies, we consider the time evolution of the am-
phiphilic molecules. This is because the distribution of amphiphilic molecules
on the vesicle denoted as ϕm diffuses much slower than that of the water
molecules inside the vesicle.
4.1.1 Onsager’s principle
For simplicity, we consider a two component systems composed of amphiphilic
molecules of the vesicle and solvents. Based on the Onsager’s principle[65],
the dynamical equations of the vesicle and the flow field are constructed.
First, we define the flow velocity v as
v(r) ≡ ϕm(r)vm(r) + (1− ϕm(r))vs(r), (4.1)
where vm and vs are velocities of the amphiphilic molecules and the sol-
vents, respectively. In a dynamical simulation, the density of the amphiphilic
molecules ϕm, which constructs the membrane, should be locally conserved.
Thus, with use of v, the equation of the continuity of ϕm is obtained as
∂ϕm(r)
∂t
= −∇ · (vm(r)ϕm(r)) , (4.2)
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where t represents time. To obtain the representations of vm, we define the
Onsager’s dissipation function R as follows:
R ≡ Wflow −
∫
















(v(r)− vm(r))2 dr, (4.5)
where L is the mobility of amphiphilic molecules, η is the viscosity of the
flow field and Ftotal is the total free energy which contains the bending energy
of the vesicle shape and the Lagrange multiplier for the constraint on the
total enclosed volume. The second term on the right-hand side of eq.(4.3)
represents the Lagrange multiplier for the constraint of the incompressible
condition (∇ · v = 0). The Wflow is the dissipation function of the flow
field and Wslip is the contribution from the friction between velocities of the
amphiphilic molecules and flow field. Due to the request of the second law of
thermodynamics, the time development of the vesicle shape and flow field are
determined by minimizing the Onsager’s dissipation function R. To obtain
the equations of motion for vm and v, the functional derivatives of R with







Therefore, we obtain the following equations for the flow velocities v and vm:








Equation.4.8 represents the Stokes equation for the flow field with low Reynolds
number(detail is shown in the following section). The third term on the right-
hand side of eq.(4.8) corresponds to the stress due to the bending energy of
the vesicle. By combining eqs.(4.2) and (4.9), we obtain the time evolution
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where the first term on the right-hand side of eq.(4.10) represents diffusions
of the amphiphilic molecules to reduce the total free energy Ftotal, and the
second term is a contribution of the advection due to the external flow field.
4.1.2 Dynamical equation for the phase field
In this section, we derive a dynamical equation for the deformations of the
vesicle with use of the phase field ψ. It is easily anticipated that the mem-
brane described by ϕm is less stable than that described by ψ because the
membrane in the latter case corresponds to a topological defect of the ψ
field. Therefore, it is desirable to rewrite eq.(4.10) in terms of the phase field
ψ. With use of the local volume fraction of the membrane and the mean




















From eq.(4.11) we can obtain a time evolution equation for the phase field











Using an analogy to the Green function of Coulomb potential generated by

















where G is Green function that takes the form G(r − r′) = r−r′|r−r′|3 in a free
boundary space. The solution of eq.(4.13) corresponds to the 0-th order
solution of eq.(4.11). Substituting eq.(4.13) into the second term on the
right-hand side of eq.(4.11) and repeating the same process that was done
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This equation corresponds to a perturbation equation of eq.(4.10) up to the
1-st order in the mean curvature H. To obtain the simple formulation of
eq.(4.14), we decompose the total free energy as follows:
Ftotal = F0 + F1, (4.15)
where F0 and F1 are contributions for the total free energy up to 0-th order
and 1-st order in the mean curvature, respectively. For example, the bending
elastic energy of the vesicle is included in F1, while the free energy of the
external field, such as the contributions from the constraint on the total en-
closed volume or contribution from the polymes inside the vesicle, is included
in F0. With use of eqs.(4.10), (4.14) and (4.15), the final form of the time

































In an almost same procedure as that used in the derivation of eq.(4.14), the
functional derivative of the free energy with respect to the volume fraction




























The detailed calculations in the derivation of eqs.(4.16) and (4.17) are shown
in the Appendix. By combining the dynamical equation for the phase field
ψ and the external flow field v, we study the behaviors of the vesicle in a
Poiseuille flow.
4.1.3 Poiseuille flow
We assume that a vesicle is placed in a narrow capillary that are filled with
a fluid flow with a sufficiently small Reynolds number. Therefore, with use
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of the density of the fluid ρ and the viscosity η, the flow field is described by








where p is the pressure field of the fluid. For simplicity, we assume that
the concentration and viscosity of the amphiphilic molecules are the same as
those of the external fluid. The third term on the right-hand side of eq.(4.18)
is the volume force imposed by the vesicle which is obtained by eq.(4.17). A
2-dimensional Poiseuille flow is realized by solving Stokes equation eq.(4.18)
with the conditions
v(x, 0) = v(x, ymax) = 0, (4.19)
v(0, y) = v(xmax, y), (4.20)
∇ · v = 0, (4.21)
where x and y are the coordinate in the direction parallel to the non-perturbed
flow velocity and that in the normal direction of the flow velocity, respec-
tively. Equation (4.19) is the stick boundary condition at the boundary of
the capillary at y = 0 and y = ymax, and eq.(4.20) is the periodic bound-
ary conditions at x = 0 and x = xmax, respectively. Equation (4.21) means
the incompressibility condition of the fluid. To perform the numerical calcu-


























is the inverse Reynolds number which is defined as the ratio







capillary number that is defined as the ratio between the viscous force and
the stress force that originates from the bending elasticity of the membrane.
To obtain the Reynolds number and the capillary number, the vesicle size R0
is defined as the radius of the sphere that has the same volume as the inside
space of the vesicle. With use of the maximum velocity of the unperturbed
Poiseuille flow Vmax and the bending modulus of the vesicle κ, the Reynolds
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In the case of the red blood cell in a blood vessel, the Reynolds number and
capillary number are about Re < 0.01 and Ca < 0.1, respectively. Generally,
the flow field can be well described by the Stokes equation for a low Reynolds







In the following, simulation results for the dynamical behaviors of the vesicle







4.2 Results for a vesicle without polymer
In this section, we show the simulation results of the vesicle without any
polymers inside it. In fig.4.2, we show time evolutions of the vesicle shape






. This value of the
reduced volume corresponds to the almost same value of typical red blood






(fig.4.2(c)), the vesicle changes its shape from
the parachute-like shape to the 2-sphere shape around t = 5000, where the
2-sphere shape is defined as a set of two spherical membranes connected by a
neck. The time evolutions of the bending energy arround the shape transition
from the parachute shape to another shape are also shown in fig.4.3. There
are several peaks in the behaviors of the bending energy around t = 5000. At
these points, the vesicle deforms from the parachute-like shape to the 2-sphere
shape or to the slipper shape in order to reduce its bending energy. Generally,
the parachute-shape of the vesicle has higher bending energy compared with
the slipper shaped vesicle. When the bending energy becomes large, the
dissipation function Wslip contributed from slip velocities between the vesicle
and the flow field increases. Therefore, the parachute-shape can not be chosen
as a steady state of the vesicle. In fig.4.4, we show the phase diagram of the
stationary shapes of the vesicle in a Poiseuille flow with the reduced volume






becomes smaller, the vesicle
changes its shape from the slipper shape to the 2-sphere shape. Because in
these changes the role of the shear deformation force is gradually emphasized
compared to that of the bending force of the membrane, a large deformation
of the vesicle is induced.
Next, we consider the behaviors of the vesicles when Vmax is changed. In
fig.4.5, we show time evolutions of the positions of the center of mass of
the vesicle YG with respect to the vertical axis to the flow directions. In






= 25. With increasing the
maximum flow speed Vmax, the center of mass position of the vesicle YG
shows a damping oscillation. Such an damping oscillation can be identified
with the vacillating-breathing behavior of the vesicle in a shear flow[66]. In
the vacillating breathing behaviors, the inclination angle of the vesicle and
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Figure 4.2: The time evolutions of the shapes of the vesicle with υ = 0.6






equals to (a)25, (b)10 and (c)5,













Figure 4.3: The time evolutions of the bending energy of the vesicle with







(b)5, (c)10 and (d)25, respectively.
its shape are temporary oscillating, where the inclination angle is the angle
between the long axis of the spheroidal vesicle and the vertical direction
to the flow. In the case of the shear flow, the flow field is decomposed
into a sum of an elongation and a rotational flow. When the rotational












Figure 4.4: A phase diagram of the stationary shapes of the vesicle with υ =






and the horizontal axis represents
Vmax of the flow field. The slipper-shaped vesicles in this phase diagram are
described by blue symbols. On the other hand, orange symbols represent
the 2-sphere shapes. The schematic pictures for the slipper and the 2-sphere
shaped vesicles are also shown in the phase diagram. The pictures of the













= 10 and Vmax = 0.075, respectively.
force is strong compared with the elongational force, the vesicle shows a
tumbling behavior. On the other hand, a tank-treading behavior is observed
when the elongational force is dominant. The vacillating breathing behavior
in the shear flow is an intermediate state between the tumbling and the
tank treading behaviors. On the other hand, we observed another similar
oscillation to such a vacillating-breathing behavior. For example, we show
an oscillation of the vesicle shape in fig.4.5(c), where the inclination angle
of the vesicle oscillates as in the case of the vacillating breathing behavior.
In the case with the Poiseuille flow, the flow field looks like a shear flow
in a frame moving with the vesicle center. However, Poiseuille flow has a
parabolic profile of the flow velocity in the vertical direction to the flow. With
approaching to the boundaries, the shear force becomes stronger. This shear
force leads to a migration of the vesicle toward the center of a capillary. When













= 25 for different values of Vmax, such as
(a)Vmax = 0.05, (b)Vmax = 0.075 and (c)Vmax = 0.095, respectively.
the vesicle locates at the center of the capillary, it takes a parachute shape.
Comparing with the slipper shape, the parachute shape has a disadvantage
from the point of view of the bending energy of the vesicle because it has
a larger bending energy. When the bending energy is increased, it induces
the loss of dissipation function in slip velocity Wslip and the vesicle tries to
move apart from the center of the capillary. The approaching and departing
motions of the vesicle with respect to the capillary center cause a temporary
oscillation and it is the origin of the vacillating breathing behavior of the
vesicle.
In fig.4.6, we show behaviors of the vesicle with υ = 0.7 and Vmax = 0.05.
Comparing to the cases with υ = 0.6, the vesicle has a smaller surface area
and the vesicle shape becomes more spherical. For this case, we obtain
different behaviors from those for the case with υ = 0.6. For example, a
bullet shape and a fish like oscillations. The bullet shape is a typical one
for the vesicle in a Poiseuille flow as well as the slipper shape. On the other














equals to (a)1, (b)20 and (c)25, respectively. In steady states, (a)
and (c) represent bullet and parachute shapes, respectively. On the other
hand, fish like oscillation is obtained in (c).
hand, fish like oscillations have not been observed in the preceding studies.
In the fish like behavior, the vesicle shape is elongated to the direction of
the flow field as well as the bullet shape. However, one end of the vesicle is
temporarily bent just like the shape in the locomotion of a fish. In fig.4.7, we
show the lateral position of the vesicle center YG in the vertical direction to






is changed, while the maximum value
of the flow velocity Vmax is kept constraint at Vmax = 0.05. The left-hand












is increased, the stationary






































. Therefore, we understand that the fish like
behavior is a intermediate state between the bullet shape and slipper shape.
Here, in the right-hand side of fig.4.7, we show the lateral position of the







of oscillation of the lateral position is increased, which means that the stress
of the flow field induced by bending elasticity of the vesicle is important for
the fish behaviors. To elucidate such behaviors, we focus on the dissipation
functions. Here, we decompose the components of the dissipations function
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Figure 4.7: The time evolutions of the lateral positions of the center of mass


























= 25, respectively. Right-
hand side picture shows the lateral positions of the vesicle in the late stage





















R ≡ Wflow −
∫
















(v(r)− vm(r))2 dr. (4.27)
In steady states, contribution of the time derivative of total free energy Ḟ is
zero. (In the case of fish motions, time average of the Ḟ is zero.) Moreover,
we make sure that the second terms of the right-hand side on the Onsager’s
dissipation function R is negligible due to the incompressible conditions of
the flow fields. Figures 4.8 and 4.9 show the dependences of the components













is a measure of the impor-
tance of the bending elasticity of the vesicle compared with that of the fluid
















Figure 4.8: Dissipation functions of external(left) and internal(right) fluids











































Figure 4.9: Dissipation functions of total fluids(left) and slip velocity(right)






. In these figures, the





















Figure 4.8 shows the contributions from the fluid flows in the outside and
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let, fish and slipper shapes appear in this order. At each transition point
between different shapes, we observe a kink in the curve, which indicates an
occurrence of a transition from one stable branch to another. This is a sign
of 1st order phase transition.













is increased while the dissipation of the inside fluid is essentially
unchanged. The extra dissipation of the outside fluid from the unperturbed
Poiseuille flow is due to the disturbance near the surface of the vesicle, which






is small, the vesi-
cle shape is deformed by the fluid flow so that the dissipation of the flow is







becomes large because of the increasing stiffness of the vesicle.
This leads to an increase in the dissipation of the outside fluid. On the other
hand, the inside fluid is static in the frame of the enclosing vesicle because
the bullet shape does not change its shape with no flow on the membrane
just like a rigid container for the inside fluid. In the left-side figure of fig.4.9,
the sum of the contributions from the inside and the outside fluids is shown.
According to the above discussion, the slight increase of this sum in the bul-
let region is coming from the outside fluid. On the other hand, the right-side
figure of fig.4.9 shows the dissipation due to the friction associated with the
slip motion between the membrane and the fluid(both inside and outside of






induces an increase of the dissipation due to the slip at the vesicle surface,
which is much larger than the increase in the dissipation of the fluid shown
in the left-side figure. Thus, the main contribution of the dissipation of the
whole system in the bullet region is the friction due to the slip at the vesicle
surface.






< 20), the slope of the curve for the outside
fluid (left-side figure of fig.4.8) is smaller than that in the bullet region. This
behavior means that the perturbation for the outside fluid imposed by the
vesicle is more relaxed for the fish shape than the bullet shape. As there
is a tank-treading motion of the membrane for the fish shape as well as the
change in its whole shape, it is easier for the fish shape to adjust itself to the
outside fluid than the bullet shape so that the friction of the outside fluid is
reduced. This adjustment is realized at the sacrifice of the increase in the
dissipation of the inside fluid, which is almost the same amount as that of
the outside fluid. The sum of these two contributions gives the increase in
the left-side figure of fig.4.9 in the fish region, which is slightly larger than
the slope in the bullet region. Such an increase in the slope of the dissipation
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of the fluid is compensated by the reduction in the dissipation due to the
slip motion (right-side figure of fig.4.9). This reduction in the dissipation
due to the slip motion is mainly coming from the tank-treading motion of
the vesicle surface. As a result, the total dissipation has a smaller slope than
that in the bullet region. The difference in the slopes of the total dissipation
between bullet and fish regions leads to a transition from the bullet branch













), the effect of the tank-treading motion is
much more pronounced, which is indicated by the abrupt decrease in the dis-
sipation due to the slip motion (right-side figure of fig.4.9). Such a decrease
in the dissipation due to the slip motion overcomes the increase in the dissi-
pation due to the fluid(left-side figure of fig.4.9), and the total dissipation has
a smaller slope than that of the fish region. This is again the origin of the sec-


























Horizontal and vertical axes mean the Vmax and υ. Each symbol represents
the simulated point. Blue symbol represents the slipper shape, orange one
the bullets shape, red one the zigzag locomotion and the green one the fish
like locomotions, respectively. The stationary shapes with the slipper shape
and the bullet shape are also shown besides the symbols. The boundaries






= 25 in fig.4.10. The horizontal and the vertical axes represent Vmax
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and υ, respectively. In this figure, when the reduced volume becomes larger,
the vesicle changes its shape from an asymmetric shape(slipper) to a sym-
metric shape(bullet). These symmetric-asymmetric changes are qualitatively
similar to those reported in proceeding researches[34]. We found that sev-
eral (damping) oscillations of the vesicle motions, such as fish and zig-zag
motions, between the stable regions of the slipper and bullet shapes. The zig-
zag motion is a damping oscillation in which the vesicle takes the parachute
and the slipper shapes alternatively, which is shown in fig.4.11. The vesicle
moves toward the wall of the capillary with the slipper shape and then terns
the direction of its elongated axis to the opposite side. The parachute shape
appears at the turning point. After such a turning, the vesicle moves toward
the other wall again with the slipper shape. It is difficult to obtain the sta-
tionary shape of the vesicle because the period for the damping oscillation
is very long. Therefore, we can not identify which shape is chosen as the
stationary shape between the slipper and the parachute regions. So far, we
have shown two types of oscillations, such as the fish motion and the zig-zag
motion for the vesicle. The zig-zag behavior has already been reported in pro-
ceeding works, where the vesicle is modeled with discretized meshes[67, 68].
In these works, the vesicle deformations are induced by two different forces,
i.e. the force due to the flow field and that due to the bending elasticity
of the vesicle, both of which are also taken into account in our simulations
as the diffusions of the amphiphilic molecules. On the other hand, another
model where the vesicle deforms only by the contribution from the flow field
did not report any of these temporary oscillations. As we have shown before,
origin of diffusions is the dissipation function in the slip velocity. Therefore,
the slip velocity of the vesicle is needed for the temporal oscillation of the
vesicle.
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4.3 Results for polymer-containing vesicles
GY
ρ
ρ=0 ρ=0.1 ρ=0.15 ρ=0.2(a)
(b)
Figure 4.12: The snapshots and the lateral positions of the polymer-
containing vesicles in their steady states. (a) The snapshots of the vesicles for
different concentrations of polymers with υ = 0.65, Vmax = 0.075, N = 100
and χ = 0.8. (b) Lateral positions of the center of mass of the vesicle for
different reduced volume υ with Vmax = 0.075, N = 100 and χ = 0.8. The
horizontal axis represents the mean concentration of the polymers ρ.
In a resent research, Shravan et al. studied the behaviors of a vesicle in
a shear flow, where the vesicle contains the rigid sphere[69]. Because of the
rigid sphere inside the vesicle, the internal viscosity of the vesicle is effec-
tively larger than the viscosity of the external fluid. It leads to a transition
from a tank-treading motion to a tumbling motion. In the present study,
we simulated polymer-containing vesicle in a 2-dimensional Poiseuille flow.
Contrary to the research of Shravan et al., in our simulation, the polymers
can deform and distribute inhomogeneously inside the vesicle, which can be
simulated using the SCF calculation. Therefore, we can expect that large
varieties of behaviors of the vesicle coupled with polymer conformations can
be simulated. For simplicity, we consider a situation where the polymers in-
side the vesicle are always in their equilibrium states at each time step of our
simulation (i.e. adiabatic approximation). This means that the diffusions of
the polymers are much faster than the deformations of the vesicle.
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= 25, polymer length
N = 100, repulsive interaction parameter between polymer and solvents
χ = 0.8, respectively. Moreover, we assume that the viscosity of the fluid η









where η0 is the viscosity of outer fluid and ϕp is the volume fraction of the
polymers. In fig.4.12, we show the dependences of the lateral positions of
center of the mass of the vesicle on the mean concentration of polymers ρ for
the case with Vmax = 0.075. When the mean concentration of polymers be-
comes increased, the lateral positions of a vesicle approach the center of the
capillary. It can be explained from the view point of the dissipation function
of the internal fluid, which is proportional to the viscosity. Therefore, the
vesicle that contains many polymers approaches the center of the capillary.
When the vesicle center approaches the center of the capillary, the vesicle
shape tends to show a symmetric shape. This symmetric deformation leads
to a reduction of the dissipation function of the inside fluid. This is because
a vesicle that has a symmetric shape can not show the tank-treading motion.
Therefore, the vesicle that contains many polymers approaches the center of
the capillary.
Next the time dependence of the lateral potions of the vesicle with υ = 0.7
and Vmax = 0.075 is shown in fig.4.13. When the mean concentration of
polymers ρ becomes increased, the vesicle changes its behavior from fish mo-
tion to bullet shape. The polymer-rich domain deforms the vesicle shapes as
in the case in chapter 3, which leads to a restriction of deformations of the
vesicle.
Finally, we show a change in the dynamical behaviors of the vesicle in differ-
ent values of ρ. In fig.4.14, zig-zag motions induced by the inside polymers
are shown. When the vesicle does not contain any polymers(fig.4.14(a)), the
vesicle takes slipper shape. On the other hand, in the case of (b)ρ = 0.15 and
(c)ρ = 0.2, the vesicles show zig-zag motions. The origin of these changes is
our assumption of the faster diffusion of the polymer compared to the vesicle
deformations. Local distributions of polymers are determined only by the
vesicle shape. Therefore, the polymers can relax to their equilibrium state
instantaneously, which makes the free energy of the polymers minimum. The
oscillation of the vesicle shapes can be induced by the instantaneous relax-
ation of the polymers. In order to estimate these assumptions, we will com-
bine the present methodology with dynamic version of the SCF theory[50].




Figure 4.13: Lateral positions of the center of mass of the vesicle that contains






= 25, N = 100 and χ = 0.8, for




Figure 4.14: Snapshots of the deformations of polymer-containing vesicles






= 25, N = 100 and χ = 0.8 for the cases
ρ =(a)0.2, (b)0.15 and (c)0.0.
Chapter 5
Summary
We performed static and dynamic simulations of the polymer-containing vesi-
cles with use of the field theoretic approaches. For example, we developed
a formulation of a coupling system between the phase field theory(PFT) for
the vesicle shape and the self-consistent field theory(SCFT) for the polymer
conformations. In the past, phase separated structures of polymers inside
rigid containers have been often simulated with use of SCFT. On the other
hand, in the present study, we realized a soft confinement of the polymers
inside a flexible vesicle by coupling PFT and SCFT. As a result, equilibrium
structures of polymer-containing vesicles were obtained in the static simu-
lations. In these static simulations, vesicle deformations are followed by an
ad-hoc equation of motion because only the final equilibrium states are im-
portant. On the other hand, in the dynamic simulations, vesicle shapes are
determined by a dynamical equation based on the Onsager’s principle. By
using the PFT, we derived the dynamical equation which is equivalent to the
correct equation of motion based on the Onsager’s principle up to the first
order of the local mean curvature. We combined this dynamical equation
for the vesicle deformations with the flow field described by Stokes equation.
Using this model, we performed dynamical simulations of the vesicle in a 2-
dimensional Poiseuille flow which is a model of a a red blood cell in a blood
vessel. Finally, we simulated the behaviors of polymer-containing vesicles in
a 2-dimensional Poiseuille flow by coupling PFT, SCFT and flow fields. It is
a simple model of a drug delivery system.
In the preceding researches, equilibrium structures of the polymers inside a
rigid container were studied, and the deformation of the container due to the
interaction between the polymers and the container has not been discussed.
In the present study, in both of the static and dynamic simulations, we
showed that the vesicle(container) shapes can be controlled by the enclosed
polymers. In following, we will summarize the simulation results.
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5.1 Static simulations
Firstly, we simulated a vesicle that contains homogeneous solution of poly-
mers. This study was motivated by the experimental result by Nakaya, et
al.[25]. Nakaya, et al. showed that a spherical micro-emulsion droplet shows
a prolate shape, when polymers are confined inside of this droplet. To eluci-
date this physical mechanism, we prepared the prolate and oblate shapes of
the droplet(vesicle) for a candidate of its equilibrium structure. We confined
the polymers inside of these vesicles, and compared the free energies between
prolate and oblate shapes. When the chain length of the polymers becomes
longer, the prolate shape becomes gradually stable compared with the oblate
shape. The physical origin of this behavior is the conformational entropy
of the polymers, which was confirmed by analytic calculation using a simple
blob argument of polymers.
Next, we simulated the equilibrium shapes of the vesicle that contains inho-
mogeneous polymers solutions. To realize the inhomogeneous structure of the
polymers inside the vesicle, we introduce a repulsive interaction parameter χ
between the polymers and the solvents. When polymers are confined inside
a prolate shaped vesicle, the polymers can take phase separated structures
depending on the values of χ and the polymer length N . In our simulation,
the immiscibility between the polymers and the solvents are enhanced by
confining the solution inside a vesicle. It is because that there is a deple-
tion layer near the vesicle surface, which increase the effective concentration
of the polymers. When the repulsive interaction parameter χ is increased,
the polymers tend to gather at one region inside the vesicle to reduce the
interface energy between the polymers and the solvents. In this case, the
vesicle changes its shape from a symmetric prolate shape to an asymmetric
pear-like shape. Moreover, we observed that more complex deformations of
the polymer-containing vesicles by changing the spontaneous curvatures of
the vesicle and mean concentration of the polymers.
5.2 Dynamic simulations
In the dynamical simulations of the vesicle in a 2-dimensional Poiseuille flow,
two types of transitions are observed. One is a transition between the slipper
and 2-sphere shapes for the case with the reduced volume υ = 0.6(case I),
and the other is a transition between the slipper and bullet shapes for the
case with υ = 0.7(case II).
First, we explain the former case(case I). We define the 2-sphere shape as a
sequence of two closed vesicles. When the capillary number becomes larger,
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which means that the shear force from the flow field is emphasize compared
with the bending force of the vesicle, the slipper shape of the vesicle changes
to the 2-sphere shape. In the 2-sphere shapes of the vesicle, closed vesicles
are often connected by narrow necks. However, in the case with a large cap-
illary number, vesicles are completely separated. Therefore, this transition is
associated with the topological change of the vesicle. It is difficult to simulate
such a topological change of the vesicle with usual surface element method,
and the emergence of the 2-sphere vesicles is a good example of the advan-
tage of our field simulation method. In the future work, we will investigate
the stationary shapes of the vesicle with introducing the free energy cost for
the topological change.
Next, we explain case II, where a transition between the slipper and bul-
let shapes of the vesicle is observed. We observed oscillations of the vesicle
in such a translation region and one of these examples is the fish-like os-
cillation. We also showed that the origin of these transitions in the vesicle
behaviors is the competition between two types of energy dissipations, such
as the viscosity of the flow fields and the friction between the flow field and
the amphiphilic molecules. Due to the Onsager’s principle, the friction is
reflected in the equation of motion of the vesicle through the diffusion of the
amphiphilic molecules. In recent studies, there have been very few reports
of the oscillations using the boundary integral method, where vesicle defor-
mations are induced only by external flow velocity[?, 37]. Recently, only
”snaking” oscillation is reported in the simulations done using the boundary
integral method[38]. Therefore, we conclude that both of the diffusion of
the amphiphilic molecules and the flow velocity are needed for the oscillating
behavior of the vesicle.
Finally, we simulated polymer-containing vesicles in a 2-dimensional Poiseuille
flow. In this case, we observed that the viscosity and the elasticity of the
polymers affect the vesicle behaviors. The fish-like behavior of the vesicle in
the absence of the polymers, changes to the bullet shapes due to the elastic-
ity of the inside polymers. On the other hand, when the mean concentration
of the polymers increases, the lateral position of the vesicle approaches the
center of the capillary. This is to reduce the energy dissipation function of
the internal fluid.
5.3 Future work
In our study, only homopolymer solutions were investigated as the polymers
confined inside a vesicle. For the first step of an advanced study, we will
study polymers with more complex structures, such as block copolymers and
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(a)
(b)
Figure 5.1: Several complex structures of the polymers confined inside vesi-
cles, such as (a) vesicles that contain block copolymers and (b) the dynamical




Figure 5.2: Illustrative pictures of the processes of transportation of polymers
through a membrane, such as (a) exocytosis and (b) endocytosis.
polymer-blend solutions. In fig.5.1(a), we show several examples of vesicles
that contain block-copolymers inside them. Comparing with the case of ho-
mopolymers, more complex phase separated structures are observed. More-
over, the dynamical behaviors of the vesicle that contains a binary polymer
blend are also shown in fig.5.1(b). As shown in these examples, large varieties
of inhomogeneous structures are obtained by controlling the nature of the en-
closed polymers. We expect many kinds of deformations of vesicles induced
by such inhomogeneous phase-separated structures at the enclosed polymers.
In the next step, with use of PFT, we introduce a penalty of the free energy
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associated with the topological changes of the vesicle deformations. It is to
elucidate the physical origin of endocytosis and exocytosis. In a preceding re-
search, the Gaussian bending energy for the topological change of the vesicle
is derived by using PFT[70]. In this research, topological informations, such
as Euler number, can be obtained. On the other hand, the force due to the
topological changes is not taken into account. We will obtain an expression
of such a force with use of PFT. As shown in fig.5.2, the dynamical process
of endocytosis or exocitosis can be simulated by introducing the force due to





Figure A.1: Schematic picture of the two principal curvatures of a the mem-
brane. Principal curvatures correspond to the extremal values of the curva-
tures of the membrane.
In this section, we introduce the Helfrich bending energy of a membrane.
The shape of an amphiphilic membrane is determined by its local curvature.
Du to the symmetry, the bending energy should be invariant under any rota-
tion of the coordinate system around the normal direction of the membrane.
There are two invariants under such a rotation of the coordinate system made
by the local curvatures of the 2-dimensional curved surface, which are called



















where 1/R1 and 1/R2 are two principal curvatures of the membrane sur-
face(fig.A.1). The local bending energy density of the amphiphilic membrane
is a function of these invariants as f(H,K). Here we perform Taylor expan-
sion of the local energy f(H,K) around the reference state with H0 and K0.
Then, we obtain the following equation:






















We take the reference shape as a flat membrane( H0 = 0 and K0 = 0 ).





















where κb and κG are bending modulus and Gaussian modulus respectively
and H0 is the spontaneous curvature of the membrane. In experiments, the
bending modulus is found to be about ∼ 10kBT . On the other hand, Gaus-
sian modulus kG is not precisely measured yet. The spontaneous curvature
H0 is determined by the shape of the amphiphilic molecule. In vesicle case,
amphiphilic molecules usually have a cylindrical shape and spontaneous cur-
vature is zero. In the micellar case, spontaneous curvature is not vanishing
because the shape of amphiphilic molecules has a cone or an inverse cone
shape. With the use of eq.(A.4), we will finally obtain the expression of the
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(H −H0)2 da+ κG
∫
Kda, (A.9)
where da is a local surface area. The first and second terms on the right-hand
side of eq.(??) describe the shape deformation and the topological change of
the vesicle shape, respectively. In the case of the shape change of the vesicle







In eq.(A.10), we used Gauss-Bonnet theorem:∫
Kda = constant, (A.11)
which means the 2nd term on the right-hand side of eq.(??) constant.
A.2 Mean curvature of vesicle with phase field
model
In this section, we will formulate the mean curvature and the Helfrich bending
energy of a vesicle with use of phase field model. First, we will derive the
mean curvature of vesicle. We assume that the phase field ψ is a function of
the distance from the neutral surface of vesicle.




where d(r) is the distance from the neutral surface of the vesicle, and ϵ is the





Mean curvature of vesicle H is given by
H(r) = −1
2
∇ · n(r). (A.14)





















































where we use the relation |∇d| = 1. With the use of eqs.(A.17) and (A.19),
we obtain the following relation:




















Substituting eq.(A.20) into the second term on right-hand side of eq.(A.15),





−ψ + ψ3 − ϵ2∇2ψ
)
. (A.21)






where ξ represents small displacement of the vesicle surface in its perpendic-
ular direction. In following, we ensure that the the mean curvature which
is derived by eq.() corresponds to the formulation of eq.(A.21). By an anal-















Here, we assume that the vesicle has equilibrium shape and consider a slightly
disturbed surface defined by
r′ = r+ ξ(a)n(r), (A.24)
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where a is the coordinate of curved surface of the membrane. Therefore, the
phase filed ψ is also disturbed as
ψ(r+ ξ(a)n(r) ≈ ψ(r) +∇ψ(r) · n(r)ξ(a)
= ψ(r) +∇ψ(r) · ∇ψ(r)
|∇ψ(r)|
ξ(a)
= ψ(r) + |∇ψ(r)|ξ(a), (A.25)
where we used the relation of eq.(A.13). Substituting eq.(A.25) into eq.(A.23),
we obtain total surface area as follows:





































































































where Γ is the region of vesicle surface that is represented by ψ(r) = 0. In






This relation is obtained by eq.(A.16) by assumption of the the sharp in-
terface limit(ϵ −→ 0). In the result, the functional derivative of the surface















The equation(A.29) is equal to the mean field eq.(A.21). Next, we will obtain
Helfrich bending energy of the vesicle Fb. With the use of eq.(A.21), Helfrich















−ψ + ψ3 − ϵ2∇2ψ
)2
δ(d(r))dr, (A.30)
where κb is the bending modulus and da is a local area element. With the





−ψ + ψ3 − ϵ2∇2ψ
)2
dr, (A.31)
where we define the bending modulus as κ ≡ 3κb√
2
for simplicity. In following,
mean curvature H is replaced by
H(r) −→ −ψ(r) + ψ3(r)− ϵ2∇2ψ(r), (A.32)
where the H is the non-dimensional form differently from eq.(A.21). Equa-
tion (A.31) gives the Helfrich bending energy in terms of the phase field ψ.
We confirm that equilibrium profile of the interface of the vesicle derived from




−ψ + ψ3 − ϵ2∇2ψ
)2
dr (A.33)
With the use of the eq.(A.12), we obtain the following equation as
∇2ψ(r) = 1
ϵ2
|∇d(r)|2 f ′′ + 1
ϵ
∇2d(r)f ′. (A.34)
Substituting eq.(A.34) into eq.(A.33), we obtain the following relation as
F̃b =
∫ (
−f + f 3 − f ′′ − ϵf ′∇2d(r)
)2
dr. (A.35)
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−f + f 3 − f ′′
) (
−1 + 3f 2
)
. (A.37)






−f + f 3 − f ′′
)
= 0, (A.38)






which consider with eq.(A.16).
A.3 Calculation of interaction force between
the polymers and the vesicle
A.3.1 Small deviation of path integral
We derive an expression for a small derivation of the path integral δQ in-
duced by a small perturbation in the self consistent field δV . Path-integral is




Q(s′, r′; s, r) =
[
∇2 − V (r)
]
Q(s′, r′; s, r), (A.39)
where the unit length is taken to be the gyration radius of the chain of the
polymer and the unit energy is the thermal energy kBT . In the following, we
use a simplified notation for the path-integral Q(s′, r′; s, r) as Q(s, r). Here
we denote the self-consistent field and the path-integral as a sum of the stable
solutions and perturbation terms as
Q(s, r) = Q0(s, r) + δQ(s, r)
V (r) = V0(r) + δV (r).
(A.40)
with use of the relation eq.(A.40), eq.(A.39) is rewritten as
∂
∂s
[Q0(s, r) + δQ(s, r)] =
[
∇2 − V0(r) + δV (r)
]













δQ(s, r) = −δV (r)Q0(s, r),
(A.41)
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where the term δQδV is a higher order term and can be neglected it. The first
term of left-hand side of eq.(A.41) is the non-perturbed term and vanishes.





δQ(s, r) = −δV (r)Q0(s, r). (A.42)
To solve eq.(A.42) with respect to δQ, we solve the following equation for





G(s− s′, r− r′) = δ(s− s′)δ(r− r′). (A.43)
The solution of eq.(A.43) is obtained as
G(s− s′, r− r′) = Q0(s− s′, r− r′)θ(s− s′), (A.44)
where θ is a step function. To ensure that eq.(A.44) is the solution of












Q0(s− s′, r− r′)












Q0(s− s′, r− r′) = 0
∂
∂s
θ(s− s′) = δ(s− s′). (A.46)





(Q0(s− s′, r− r′)θ(s− s′)) = Q0(s− s′, r− r′)δ(s− s′).
(A.47)
When s ̸= s′, right-hand side of eq.(A.47) vanishes. On the other hand, when
s = s′, Q0(0, r − r′) = δ(r − r′). Therefore the right-hand side of eq.(A.47)
is the same as eq.(A.43). Then, we confirm that eq.(A.44) is the solution
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of eq.(A.43). With use of eqs. (A.42) and (A.43), we obtain the following










dr′Q0(s− s′, r− r′)θ(s− s′) (−δV (r)Q0(s, r))(A.48)





dr′Q0(s− s′, r− r′) (−δV (r))Q0(s, r).




dr′Q0(s− s′, r− r′; s′′, r′′) (−δV (r))Q0(s, r; s′′, r′′).
(A.49)
We replace the indices for the position and the segment index as follows:
Q0(s− s′, r− r′; s′′, r′′) =⇒ Q0(s, r; s′′ + s′, r′′ + r′)
=⇒ Q0(s− s′′, r− r′′; s′, r′) (A.50)





dr′Q0(s−s′′, r−r′′; s′, r′) (−δV (r))Q0(s′, r′; s, r) (A.51)
Here we use the condition that the total segment number of the polymer is
N and r0 and rN are the positions of the end two segments. Then, the final
expression for the path-integral of a single polymer chain is given by





′, r′) (−δV (r′))Q0(s′, r′;N, rN).
(A.52)
A.3.2 Functioal derivative for the polymers entropy











































In the first, we decompose the first term on the right hand side of eq.(A.54).














Q(s′, r′′; s, r′) (A.55)
Substituting eq.(A.55) into the first term on the right-hand side of eq.(A.54),
























Q(s′, r′′; s, r′)
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Q̃†(N − s′, r′′) (A.56)
Next we decompose the second term on the right hand side of eq.(A.54). As
same formulation as the first term, we use the relation as:














Q̃†(N − s′; r′′)
(A.57)
Substituting eq.(A.57) into the second term on the right-hand side of eq.(A.54),
























































Q̃†(N − s′; r′′) (A.58)
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In the last line of the eq.(A.59), we replace the notation r′′ by r′. The last
term of eq.(A.59) is equal to the right-hand side of eq.(A.53).
A.4 Dynamic phase field theory
A.4.1 Derivation for the time evolution equation of the
phase field
In this section, we formulate the time evolution of the phase field ψ. Because
the sum of the concentration of the vesicle should be conserved, time evolu-









= −∇ · j, (A.60)
where v is the flow field which obeys Navier-Stokes equation, L is the diffusion
constant, F is the free energy such as Helfrich bending energy. In eq.(A.60),








Based on eq.(A.60), we will derive the time evolution equation of the phase



































On the other hand, mean curvature of vesicle denoted as H(r), is expressed
as
H(r) = −ψ(r) + ψ(r)3 − ϵ2∇2ψ(r)
=⇒ (1− ψ(r)2)ψ(r) = −ϵ2∇2ψ(r)−H(r) (A.65)





















ϵ2∇ · ({∇ψ(r)}δ(r− r′)) +H(r)δ(r− r′)
}
= 2ϵ2∇ · {(∇ψ(r)) δ(r− r′)}+ 2H(r)δ(r− r′), (A.66)
where the second term on the right-hand side of eq.(A.66) is the contribution
from the curvature of th vesicle up to its 1st order, and therefore vanishes
when the vesicle is flat. Using the relations of Eqs.(A.62) and (A.66), we



















































∇ · j(r). (A.69)
We integrate the both sides of eq.(A.69) as follows:
(∇ψ(r)) ∂ψ(r)
∂t






The field A0(r) is an arbitrary vector field that satisfies the relation:
∇ ·A0 = 0. (A.72)
Multiplying ∇ψ(r) to the both sides of eq.(A.70), we obtain
|∇ψ(r)|2 ∂ψ(r)
∂t
= ∇ψ(r) · (−J+A0) . (A.73)









· (−J+A0) , (A.74)
where notation (...)0 mean 0-th order for the mean curvature. Let us consider





Then, eq.(A.69) can be rewritten as
∇ · F0(r) = −∇ · J. (A.76)






∇′ · J (A.77)
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∇′ · J (A.78)












∇′ · J. (A.79)
The solution for the time evolution equation of the phase field for a flat











∇′ · J (A.80)






∇′ · J, (A.81)
Differently from eq.(A.70), A is not an arbitrary vector. But A obeys fol-
lowing relation:
∇ ·A = 0. (A.82)
Next we will solve eq.(A.67) up to the first order in the mean curvature H(r).
Here we define
F(r) ≡ (∇ψ(r)) ∂ψ(r)
∂t
. (A.83)
With use of eqs.(A.60) and (A.84), eq.(A.67) is rewritten as














given by eq.(A.74). Then, we obtain





· (−J+A0) . (A.85)
In the same manner as the derivation of eq.(A.77) from eq.(A.76), eq.(A.82)




















































Next, we confirm that eq.(A.88) is correct as the dynamical equation of
the vesicle concentration up to the first-order of the mean curvature. The




























in the second term on the right-hand side, which contains






. Substituting eqs.(A.74) and
(A.88) into eq.(A.89), the left-hand side of eq.(28) leads to
2ϵ2∇ · (−J+A) − 2
∫












· (−J+A0) + o(H2). (A.90)
Here, we use the relation
∇ · r− r
′
|r− r′|3
= δ(r− r′). (A.91)
Then eq.(A.90) is rewritten as
−2ϵ2∇ · J + 2ϵ2∇ ·A+ o(H2)
⇒ −∇ · j + o(H2). (A.92)
In eq.(A.92), we used the relation eq.(A.82). Therefore, using our approxi-
mation of eq.(A.88), we re-obtain the dynamical equation of the vesicle con-
centration up to the first order in the mean curvature:
∂ϕ(r)
∂t
= −∇ · j+ o(H2). (A.93)
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In the above procedure, we confirmed the equivalence between the dynam-
ical equation for the concentration eq.(A.90) and that for the phase field
eq.(A.88). In the reproduction process of the dynamical equation for the
concentration from the phase field, the vector field A automatically vanished
and does not contribute to the final dynamical equation. Thus, we can set






















































































Equation(A.97) is the dynamical equation for the phase field ψ(r) up to the
first order in the mean curvature H(r).
A.4.2 Functional derivative for the free energy with
respect to the concentration of the amphiphilic
molecules
Next we calculate the functional derivative of the free energy with respect
to the concentration field of the vesicle ϕ. For this purpose, we need to
use the functional derivative of the free energy with respect to the phase
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field ψ, because the free energy is represented in terms of ψ. The functional










In order to obtain the functional derivative of ψ(r′) with respect to ϕ(r), we





dr′′ = δ(r− r′). (A.99)
Here we use the expression of the concentration ϕ as follows:


















































∇′ψ(r′) · ∇′′ δψ(r
′′)
δϕ(r)









































In the above derivation, we used the expression of the mean curvature H:
H(r) = −ψ + ψ(r)3 − ϵ2∇2ψ(r). (A.102)










= δ(r− r′) (A.103)
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= δ(r− r′), (A.104)
where (...)0 means 0th-order solution in the mean curvature H. Solving
































































































































































































Next, we derive the functional derivative of the free energy F [{ψ}] with











































































In the derivation of eq.(A.110) from eq.(A.109), we convert the notations (′)
and (′′) in the second line on the right-hand side of eq.(A.110).
A.4.3 Up to the first order solutions for the mean cur-
vature
Here, we show that the time evolution equation for the vesicle shape is equiv-
alent to a non-conserved dynamics of the phase field up to the first order in
the mean curvature. When we neglect the advective contribution, the equa-









In the following, we assume that the free energy F consists only of the bend-
ing energy of the vesicle. In the preceding section, we showed that eq.(A.111)














In eq.(A.112), we retained only terms up to the first order in the mean
curvatures. Here we use the following relation:
ϕ(r) = ϵ2|∇ψ(r)|2 + 1
2
(1− ψ(r)2)2
∼ 2ϵ2|∇ψ(r)|2 + o(H), (A.113)
where we used the relation ψ(r) = tanh( r√
2ϵ
)+o(H). Substituting eq.(A.113)
into eq.(A.112), we obtain the following relation:
∂ψ(r)
∂t




To rewrite eq.(A.114), we consider the functional derivative of the free energy










With use of the first line of eq.(A.113), we obtain the functional derivative
of ϕ with respect to ψ as follows:
δϕ(r′)
δψ(r)
= 2ϵ2∇′δ(r− r′) · ∇′ψ(r′)− 2ψ(r′)(1− ψ(r′)2)δ(r− r′). (A.116)






















− 2ψ(r)(1− ψ(r)2)δF ({ψ})
δϕ(r)




−ψ(r) + ψ(r)3 − ϵ2∇2ψ(r)
) δF ({ψ})
δϕ(r)






where we used the relation that H(r) = −ψ(r) + ψ(r)3 − ϵ2∇2ψ(r). By
simplifying eq.(A.117), we obtain the following relation:

















where we neglected the higher order terms in eq.(A.118). Combining eq.(A.114)
with eq.(A.118), we obtain the solution of the equation of motion for the vesi-








Equation (A.119), which is a non-conserved dynamics for the phase field ψ,
is equivalent to eq.(A.111) i.e. conservation dynamics for the concentration
of ϕ up to the leading order in the mean curvature H.
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